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Preface

P

As mathematics has become more obviously essential in many of the in-

quiries and much of the work of the world there have been an increasing number

of appeals for more attention to "teaching mathematics so as to be useful." ,

The following are typical:

Since mathematics has proved indispensable for the understanding
and the technological control not only of the physical world but also
of the social structure, we can no longer keep silent about teaching
mathematics so as to be useful. In educational philosophies of the
past, mathematics often figures as the paragon of a disinterested
science. No doubt it still is, but we can no, Jonger afford to stress ,

this point if it keeps our attention of the widespreaduse of mathe-
_ matics and the fact that mathematics is needed not by a few people

but virtually by everybody. ('Why to Teach Mathematics So As to be
Useful," H. Freudenthal, 1968)*'

The big unfinished business is to collect appropriate examples
of honest applied mathematics for earlier levels of education. I

know it is possible 'to bring real applications into the-secOndLry,
and. even the elementary, school and to motivate and illustrate much
mathematics by such examples. A major, probably international,
effort is needed to collect a sufficient variety of examples to fit
all our different school situations. ("On Some of the Problems of
Teaching Applications of Mathematics," H. Pollak, 1968.)

This book is one person's attempt to respond to the need reflected by

these appeals. It had its origins ip work with the School nathematicsptudy

Group ( msa; efforts .since 1966 to produce a mathematics curriculum fOt-abOut

grades (-10 setting forth principally mathedatifs judged to be essential to

"ever an." The results of that project are now available as SMSG's Secondary

School Mathematics 5.-3 !!) in ..To versions, one for average and one.for "slow"

learners.) Froth' its inception, all concerned with the Project recognized that

such a curriculum should ill urinate the uses to which mathematics is put. But

it soon became clear that it is one thing to say' this should be done and quite

another to find the appropriate materials to accomplish it. At some point I'

took it as somethinGlof a personal challenge to expand the supply of prob]All

material that would sLpport such intentions. This volume is the result. My

work on this project began with these three beliefs:

1. That interesting numerical infpzmation and good explanations of

elementary uses of mathematics in the world's work are available

in ample supply and from readily accessible sources.

*All books and articles referred to are listed at the end of this book
(alphabetically by title) withfcomplete bibliographic information given.

iii

; )



c7:; -14

2. That from such sources interesting proSlems can be fabricated that

use a variety of mathematic.g1 models, ihcluding many requiring only

the mathematics available by the middle school years. ,

3. That such problems, once'fabricated, can be e'ffe.ativery worked4pto

curriculum materials and made an integral part of the school mathe-
.

matt-diexperience.'

It seems to me that the first belief is well supported by the variety of

sources referred to by problems in this book, and these ty,no'means exhaust

the possibilities. As to the oecond befief, turning this raw material into
.-

problemillas proved to be .often'difficult, always time consuming, but possible.

As to the third proposition, I still believe it, but this volume makes no con-

tribution to its proof. Still, Inope that the existenc.e of this ani othei-

cacti collections encaurages others to work both on extensionof phe supply

of problems and on the diffiault task of making them an

school mathematics.

integral part qf

I wish to acknowledge here the stegdy encouragement of E. G. Begle and

his patience through a stfccession of missed deadlines. k_draft -version was

very much improved by suggestions from these graduate students in mathematics

education at the University of Chicago; Diane Detitta, Raphael Finkel, Susan

Friedman, James .3oehmann, Raymond Klein, David Porter, and Ronald Teeple. The

patience and help of Aly wife and family ,is acknowledged, as is the gssistance

of Marilyn Brown and Rosalind Stephens. PI typing several versions of the man-
, k

uscript. Finally, my debt to many other writers of books,and articles will be

obvious to any reader of these problems,.and is acknowledged.

iv 6

Max S. Bell
The University of Chicago
May; 1972



Introduction

,his book is intended as a demonstration that a variety of interesting

problems suitable for use in the school Aathematics"experience of everyman can

be fabricated from readily available sources. It is intended to be illustra-

tive rather than exhat re; indeed, for every problem that appears here there

are source materials in my files that wbuld suppOrt the formulation of several

more problems.'

'The organization of the book is somewhat peculiar. It does not follow

the topical sequence of any known curriculum; nor is it organized in order of

difficulty of problems; nor around specific areas of application of mathematics.

Principally, it is organized around a few basic mathematictil ideas that seem

to me useful or essential for everyman yet neglected with respect to applies-

.

tions in most school materials. Hence it begins with a deeper than usual

consideration of the uses made of single numbers, starting with counting then

considering such uses asordering, indexing, coding, and identification. The

second chapter considers uses of pairs and triples of numbers; first in co-

ordinate sydtems of various sorts, next with respect to ratios, and finally

with some uses involving ordinary calculations. The third chapter tries to

some picture of the very widespread "measure" uses of numbers and some

general Sense of what is going on when one measures something. The fourth

chapter takes"up the use of measures in various formula models. Among other

things, this chapter tries to make the point that similar mathematical models

serve in a wide variety of situations. The Fifth Chapter gives three examples

of themes that can support problem collections. The intention is to suggest

that many more such themes could be explored to good effect.

There are many "problems" in the book that do not so much ask a question

as Invite the reader to formulate questions. There are art() problems where

the information i insufficient or of somewhat doubtful valirl"y; in most

cases this is deliberate. There are questions where there is not a definite .

answer called for or appropriate; this too is usually deliberate. That is, I

don't see why school problems should invariably be tidy and unambiguous, when
f -

the problems presented by life are not.

Readers of manuscript versions of this book.have asked about intended

=
audience for and probable use of the book. I confess I do not have a precise

answer to"such inquiries. The problems themselves are intended to be accessi-

ble to youngsters by the middle school years, hence required mathematical

knowledge .as been kept to a modest level. The expositor: sections may be

t
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another story, since they are frequently quite condensed and it may, be dif-

ficult for some middle school readers to cope with them. Also, some of the

problems may well require that elusive "mathematical maturity" beyond the

technical knowledge required. It is unlikely that an entire book of page

after pifgeof,assorted problems would be seen as a suitable textbook for a

school course (though I think this might be worth trying). The book should,

however, serve as a useful supplement oVer,ceveral years to existing textbooks,

most or which have few genuine applications. Working teachers can use the

book both to expand their own knowledge ofa range of applications and as a

source book from which to assign problems or sections to their students. I
hope that many youngsters use the book, with' or without the intervention of

their teachers, I should think it would be useful in the training of prtspec-

tive or in-service teachers, both for elementary and secondary schbols. Most

important, I hope that the Sorts of problems represented by this and similar

collections will eventually be woven into the fabric of curriculum materials

that define the school mathematics experience4
..

The underlying idea,throughout this collection is, of course, that of

mathemdtical models. There is a brief introduction to the processes involved

in building mathematical models in the first chapter of the book but it is

not po3sibie for a student to acquire a thorough understanding of these proces-

ses with any single experience. Rather the ideas and processes must be en-
countered again and again over a long time span, perhaps with rather pointed

reminders periodically about what is going On. Problems such as those in this

collection provide a context in which such reminders and discussion can take

place but are not sufficienc, by themselves.

There are many omissions from this collection, for a variety of reasons.
I"

Probability and statistics applications are m5.tsing largely because they will

beittended to much better than.I 'ould do them by a joint American Statistical

Association and National Council of Teachers of Mathematics project. Two boo

from that project should be available by the time thi's book appear's, one each

from Holden-Day and the Addison *Wesley Company. I regret not being able to'

inclUde (because of printing difficulties) examples of the marvelously infor-

rat:..ve graphs and charts of thesnoad Maps for Industry" 'series, which would

provide good bases for many nice problems. (Teachers can receive these upon

request to The Conference Board, 845 Third Avenue, New York, N.Y. 10022). It

was not possible to include problems based on three dimension relief maps

(land terain, population distributions, pollution distributions, etc.), and

the two dimensional projections of these into ,contour lines, level lines, and

other equa2-characteristic curves. Such applications are illuminating, im-

vi
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portant, and very much neglected in the school experience, as are several

other sorts of projections compressing three into two dimensions. Time

pressures prevented inclusion of more problems based on social statistics

and the controversies and decisions that face average citizens (armaments,

inflation, pollution, government budgets, etc.). There are risks, of course,

in the use of cItch mterials, but they are the stuff of responsible citizen-

4s10p.

These oir4ssions are mentioned not by way of applogy but as an indication

of unfinished business. I believe the sampling of problems contained herein

indicAtes that headway can be made in greatly expanding the supply of good

applications for use at many school levels\ Other recent and pending problem

collections give the same positive inaicatio. I hope with theie and the

efforts of many teachers and other mathematics educators, peiihaps we can at.

last begin to solve one of the most persistent problems in mathematics educe-
.

tioh; that of "teaching mathematics so as to be useful."

r

L
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Chapter I

USES OF NUMBERS FOR DESCRIPTION AND INDEXING

1.1' Preliminark Remarks About Applications of Mathematics and Mathematical

I Models

"The use of applied mathematics in its relation to a physical prob-
lem involves three stages: (1) a dive from the world of reality into
the'world of mathematics; (2) a swim in the world of mathematics; (3)

a `climb from the world of mathematics' back into the world of reality,
carrying a prediction in our teeth." (J. Synge, quoted in the American
Mathematical Monthly, October 1961, page 799).

Starting thousands of years ago, man invented numbers, computation, and

'geometry to help Understand and keep track of his world. For the past few

hundreds of years mathematics has been seen as having "unreasonable effective-
.'

nes" in providing equations, formulas, and other mathematical models to help

understand real world events related to astronomy and physical sciences. But

only in the past few tens of years has mathematics been used extensively in

many fields outside thd physical sciences, especially since about-1950, when

the first:practical electronic computers were built. As a result, statements

such as the'se are now commonplace:

A
For economics:

O

The applied contributions of mathematical economics cover wide

range of areas, It has helped in the planning and analysis of ... the
measures designed to eliminate recessitns and inflations ... . It has

helped to promIte efficiency and reduce costs in the selection of port-
folios of stocks and bonds, and'to the planning of expanded industrial
capacities and public-tTeraptYrtat-1-0Yrnetworks. In economic-theory, it
has helped. us to investigate more deeply the process of economic growth

:

and the mechanism of business cycles. Iwthese and many other areas,

. the use of mathematics has become commonplace and has helped to extend

the frontiers. of research. ("Mathematics in Economic Analysis")'
0

4s."

For

There now exists, at least in outline, a systematic mathematical
biology.Airb",,,in the words of one of ies pioneers, is "similar in its

structure aft aims (though not in content) to mathematical physics." ...
Moreover, th s mathematical' biology has alreaay greatly enriched the

Ziologicai\sciences, ("On Mathematics and Biology")

.
Full informat&bn about all articles and books referred to In this book

*

is in the Bibliography, lasted alphabetically by title.

1
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For business:

%

4

The use of mathematical language ... is already desiri;bleand will

soon become inevitable. Without its help the further growth of,busihess
with its attendant complexity of organization will be retardeBA4Cpar-,
haps halted. In the science of management, as in other sciences, bathe- -

matics has become a "condition of progress." (Mathematics In Management)

The process by which mathematics becomes useful to workers in these ,

fields s indicated by the quotation at the beginning of this chapter. -(Read

it again now.) The "dive into the world of mathematics" typically results in

what is called a "mathematical model" of the real world problemsome bit of

mathematics such as a numerical expression, an equation, or a geometric dia=

gram which expresses in abstract terms something aboUt the real situation.

This same process of using abstract "mathematical models" to express

something going on in tne world also characterizes everyday uses of mathemat-

ics. Consider, for example, the mathematical abstractions used by most people

every day of their lives--the counting numbers 1, 2, 3, '... . These numbers

appear to have been needed, and hence invented, early in human history and by

virtually every human society that we know about. By examining the number

words in various languages, anthropologists have found many number systems

based on ten (probably the fingers on both hands), on five (the fingers on.

one hand), on four the spaces between the fngers), on three (perhaps count-

ing of knuckles on fingers), and some fairly sophisticated mathematical sys-

tems based on twenty (fingers and toes?). This dive into mathematics was

first by way of spoken number words; written number systems were a later de-

velopment. After this. dive into mathematics, such things as\fladdition" and

"multiplication" of counting numbers were invented to describe something about

what happens when two sets of things are combined. That is, Alit man has done

for centuries in applying numbers is not very different ii' basic spirit and

method from the modern use of mathematical models to solve complicated Prob-

lems in business, science, government, or social sciences.

Problem Set 1.1a

1. Give several situations where one could actually count things in the

world of reality, and where the mathematical model would involve only

the set of natural numbers and the operation of addition.

2. Give an example of a situation in the wor]d of reality for which the

mathematical model produced in the world of mathematics involves only

the set of natural numbers and the relations., <, >

3. Give a situation using addition, where the numbers that represent things

2
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in the real world are natural numbers, but where actual counting Would

probably not possible.,

4, Give an example of'a situation in the world of reality for which the

mathematical model would involye fairly small natural numbers and sub-

,

trAction. (,For example, had five pennies and gave away three of them;

',how many.did I have left?)' Now think of a,different kiged of situation '

`for which the mathematical Model could be exactly the same. (You have

five pennies and I have- three; how many more do you gave than I?)

5'

. ,Give an example of a.situation for which elle Mathematical model would

involve natural, numbers and division. Pow try to think of quite a dif-

ferent situation which would have the same mathematical model.

..
'Gi,,e,a,si.tuation which would be described by .natural numbers,-but where

y

counting of individual objects probably.did not lead tothe numbers.

(For example, how many miles from Chicago to New York? How many atoms

_ s. '.
I

=4.

in .an ounce of Uranium? What is the preSent world population?) ,/

7. Give a-situatioA where the initial description is n terms of natural

numbers, but where manipulation' in the world of ma(7hematics formes one
..,

to consider frsctions. ---

8. Give a situation, for wbiel the appropriate; description in-,-

,b.4,
----

volVes negative intkgers. o

.,

. Give a situation from the world of reality for which the dive into mathe-

-pieties would involve both geometry and arithmetic.

, :a

P

10. Give a situation where theppropriate mathematical
modet involves an

,

t equation.
>NI

-,-

"AW0c0 mathematics is applied to solve problems abdUt"Tallife";

situattOns by using "mathematical
models": in which the real life things are

represented by mathematical things. This process can be illustrated by4e

"flow chart'," such as computer programmers use in analyzing problems:

Problem Set 1.1b

1. FOr the nhxt 'wo days

mathematics class) of
e*

mathematical things.

make a log of every use you see (outside your

numbers, calculations with numbers, or of other

If some computation with numbers is involved, in-

dicate whether.it was done with the assistance of a machine. For about

five of these uses, explain how eaCh i a use of mathematical model-s.

2. Go through a daily newspaper 6r, weekly newsmagazine (Time, Newsweek,

."4

3

1
/

-4

Xht



/Problem in

real world

Simplify to get

idealized physical

model

1
Maii; mathematic'sl

model of simplified

situation.

Work out the mathe-

'matical solution

Interpret' results

in simplified

' 'problem

Interpret results

a in original problem

3

Think some more,

get nek information,

etc.

Verify validity

of results.

Are they O.K.?

n.
In simple, everyday, applications onedbes not, of course, go explicitly

through all these steps.



U.S. News'and World Report, etc.) and record or clip out every instance

. you find of some use of numbers or other mathematics.- Go over your

record (or collection of clippings) and see if you understand every such

use; if nce, try to do something about that. See if the information

prese0 seems accurate and if the conclusions draw from it are defen-

sibl there other interpretations reasonably possibl from theme

infcirmstion? Identify the mathematical models that are used (arith-

metic, percentage, proSability, graphs, etc.) and try to identify stated

or unstated assumptions that would need to be made in simplifying the

real situation enough to fit a mathematica model to it.

-"Among yo(ir parents, relatives, parents of friends, etc., try to find

scimeone o uses mathematics as a regular part of his (or her) job:

Interyiew him and write a brief paragraph describing the uses of mathe-

matics discussed in the interview, including the level of mathematical

training,needed arithmetic, high school mathematics, college mathematics)."

- 1.2 Uses oar Single Numbers for Description

Usual iy our first and most frequent encounter with mathematical models,

is with numbers used to describe or quhntify some situation. Often the num-

bers are,whole numbers obtained by some counting process;tfrequently they

express measures of someththg; sometimes a single number description is o

tained from combining several other numbers. Here is an assortment of infor-

.oration given in numerical norm from many sources and problems for you to do
!,-

using the informatior

Problem Set 1.2

1. The population of the world in selected years since- 165n-is- given in the

table below:

-Estimate* d World Population

Year -World Total (Millions)

1650 470

1750 694
_Jc

1850 1,091

1900 1,571
1930 ! 2,070

1940 2,295

a950 2,517
1966 3,003

9.969 3,561

.r.

a) The table is given in millions--write it out so it shows actual

Pd
ea.
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1 number of people, and read each number.

h) Draw a line graph of'this information with years along the bottom'
'44F,

and total population the side.

c) Starting with 1650, about how long did it take for world population

to double? Starting at thisoew point, about how long did it take

/for It to double again? AgElin? ,Continue answering that question up

to 1969. Make an "educated\guess" .bout how long it will take for,'

the 1969 population of the world to double% In doing so, what asr

sumptions would lead to a different pref.iction?

The 1918 influenza epidemic is said to rank with the "black death"

plagues of earlier times as one of the most destructive disasters 1

ever to.sgeep\the earth: It is said that influenza took some twenty

million lives in .a few months. Assuming that the-world population

in 1918,iias slightly less than,that shown abOve for 1930, what death

rate would thWrepresent: one in a hundred? one ih ten? or what?
, .

e)' World War I was still going on when the influenza-epidemic struck.

According to the 1970! Information Please Almanac (page 795), sixteen

countries had togethe'r abbut 65 million mobilized armed forces for

that war, of which about 8,500,000 were killed or died. What is the

death rate of, those Mobilized? Which was the most destructive for

hose directly involved, the war or the influenza epidemic?c

I

f) Austria- Hungary had 7.800,060fortes mobilized Por World War I; and

172Z'O,000-ware-lilled or died. What death rate does this represent?

(-Total casualties for Aus,,...ta-Hungary:lincluding wounded and

prisoners, came to 7,020;000.) The United States came into the war

near its eild;:it:had about 4,700,000 forces mobilized,'with about

111,000 dead. W/iat death rate does this represent? For the British

Empire the figuires were about 8,900,000 versus 900,000'kIlled; for

France about 8,400,000 with 1,400,000 dead. What were the death

rates?

g) Information Plesise Almanac and other good almanacs have similar cas-

ualty :;ores for World War II. Look up this inforMation and make a

judgment about tlie,destructiveness of Worldliai: II as compared to

WofIg War I.

h), Look up in an almanac or other source death and injuries from auto-

mobiles in the United States (and, iryou like, to other forms of

transportation). Compare the "automobile plague" with some of those

6
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2. The information.thati a cien needs to process in order to make respon-
,

sibldand intelligent political/social decisions is frequentlY'given in

numerical form. Here, for example, is a sampling of items from the

October 17),197j_dew York Times, For each item, suggest a problem or

two suitable flothis book,!

a) it is estimated'that there are between one and two million illegal

aliens tow workiniandiliving in the United States.. They continue

to enter at aerate of at least.2,000:per day. 'In the fiscd1 year
1

1971, 420,126 illegal aliens were "captured" by the Immigration and

Naturalization Service. The reason for coming is usually to escape

poverty. For example, an 18 year old youngster was working in Mexico

for $1.25 a day, came:illegally to Chicago and earned $ 14.75,a day

plus 2 meals, sending back $700 to his father in the year before he

was caught.

b) Last year 5490 cases of smuggling of Mexicans'into the United States

were reported.,.TAusual fee from the border to Chicago or-SAn

Francisco is $2=10 per person, with gtoups ranging from 15 to 70.

People.

c) One estimate of the amount of money sent out of the United Statds by,

illegal aliens is ,5 billion dollars per Year. .

1
d) In Raleigh,.U.C., rats have been found able to survive 2 -5 to 6 times,

the normal killing does of a widely used rat poison. Apparently a

' genetic trait is involved. In Scotland about half the farms have

-.rats, and 40% of them are resistent 6 this poison.

e) Contrary to the tendency of Canadians to blame the U.S. for every-

thing,wrong, the. Science Counsel of Canada recently reports that

many of Canada's economic troubles result because Canada "lacked the

spirit of adventure." For example, they own 94 billion in ,life in-

surance while the Americans that outnumber them 10 to 1 have 159

billion.

f) A Gallup survey (of a sample population of 8,935 people) showed

these results:

7
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1971 1940

Repubr
lican

.
Dem-
ocrat

Inde-
pendent

Repub-
lican

Dem-
ocrat

. .:

G Inde-
pendent

Professional and
Business' workers

31% 34% 39%. 47% 29% 4

4"
24%

Clerical and
Sales workers

25% 43% 32% 37% 41% 22%

Manual workers- 19% 48% 33% 32% 50% 18%

1971

. ,

1980

Blacks'- 72% 19% 23% 54% 1; 23%,

a) Three hundred stations carry Sesame Street, and an estimated two-

thirds of the nation's 12 million .three and four yeai olds watch the
(

,,, program, whin has a budget of $13.8 million per year. There is some

evidence that each year's new class of kin ergarten kids knows more

than the previous class, hnd some of this i attributed to the Sesame

Street program.

h) A Census'Bureau survey from September 24th to October 2nd showed that

of 2,216 pesons asked, only 3.7.0 id President Nixon's pride' freeze

has stopped-price increases.
. ,

iY Trains are fuller under Amtrak, but.it is thought to be/largely_be-
.

cause there are fewer trains. ThRe\nationwide total of about 185'1.

trains a day is only half the numbe that were operating; before_

Amtrak. Amtrak is1/41osing'a lot of mm o ey, and may need $260 million

operating subsidy over the next 2 ?ears.. (In,1969, before Amtrak,

there were direct rail passenger losses of $200 million.)

j) In 1900, a New York to Chicago train took 18 hours using steam loco-
.

motives; Amtrak's time is now 18 hours 40 uinutes on one route and

17 hours on another. The average speed is*hround 50 mph nationwide,

compared to 7L. mph for the New York to Washington Metroliner and 125 4

mph on the Japan Tokaido line and some lines in Germany.

k) Failure of engine mounts in 1965.through 1969 Chevrolet Nod, Chevelle
. .

,

and'Camaro models (which represent 1 out of every 12 vehicles now

the road) have led to 500 complaints received by the Nationhl Highway

Traffic Safety Administration. General Motors reported to the safety

agency that it has replaced about 100,000 of the mounts; one report

is that the replacement job costs about $30. CNote: G. M. later .1



announced it would recall 6.5 million Chevrolet cars and trucks-to

replace motor mounts.]

t) "Thus'far George Meany has been batting 1.000 in his efforts to .in-

duce thevardministration to tailor the wage part of the control pro-
.

gram to his design." (What exactly d8es "batting 1.000" meat? Is

its meaning likely to be understood bylmost newspaper readers? Can

you think of other sports statistics tat can be us4d in a popular

article and understood by most people?

m) "Mr' Meany did not deldy in letting it;be known that he thought the

t goal L " 2 to 3% inflation by the end of 1972) was impractical. On

the w t coast...the dock unidn was unwilling even 4 discuss an

offer` calling for pay increases of 32.6 over 2 years."
f

n) The administration is trying to eliminate 1.5 million needy children

--perhaps 400,300 in New York alone--from the free and reduced price

component of the school lunch program for 7.3 milliOn This

summer a cut in the amount of subsidy per child was ordered b t an
.

angry Senate stopped it. The current move would cut down on e num-:'

children
4

ber of children by permitting subsidized lunches only for cd
. .

from "poor" fapiliep (families with less than $3,940 income). IButk

John R. :'ramer claims the cut in cost of the summer proposal (More

children but less money per childl would total $43? million while the

second'approach more money but fewer children) also cuts costs by

$432 million.

o) The total Black enrollment in all colleges was less than 800 in 1000;
,

'000 in 1020; about 100,000 in 1950; 2r.)0,000 in 1060(130,000 or 65%

in 'Black colleges); 234,000 in 1964 (120,000 or 51% in Black colleges);

i,434,000 in 1".,8 '156,000 or 34 in Black colleges); 470;000 in 1970

V (160,000 or 34% in B1 ck colleges) .

4he Guiness Book of World Records is packed with numerical.facts and

descriptions. For example, here are some items rrom the 19.1-'2 edition;

For each, answe7)ry questions asked and make uploat least one problem

suitable for a book such as- this.

a) On page 7417, we learn that the greatest distance recorded for",,a

?sling-shot is 1,147 feet. Is that more or less than an ordinary

1
city block ( mile)?

b) We are told on page 235 that the new Sears Tower in Chicago, which

will be 109 stories and 14'1 feet tall, will become both the tallest

9
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c)

building in the world (not bunting TV antennas), and with 4,100,000

square feet (101 acres), also will have the most floor area. The

Merchandise Mart in Chicago was biggest in floor area with a mere

4,023,400 square feet.

The Merchandise Mart cost $32 million in the early 1930's. How much

is this per squace ;foot of sp&ce,-and how does that compare with

building costs now (As an index of 1970 building costs, the several

buildings of the world trade center in New York will have a total

area of :rentable space of 10,018,000 square feet and will cost 075

million.) Read this problem again and see if you have an accurate

basis on watch to compark Present building costs with those of 40

years .ago.

'0 A successful, popular singing artist can make a tremendous amount of

money. Fof-example, page 4201 tells a Bing Crosby had Mbld, 200 mil-

lion reCoilnYby 1960 (from 2600 singles ang125 albums) and 300 mil-

lion by 1968. The Beatles are claimed to have had sales of 330 mil-

t lion records between February 1963,and January 1970. (For the week

ending March 21, 1964, Beatles records were 1St, 2nd, 3rd, 4th,and

5th on the list of best selling U.S. singles,ond 1st anti 2nd on list

of the best selling L.P.'s in the U.S.). Make an,estimate of the

total cost to buyers of the 330 million Beatles records sold by Jan-

uary 1970 with some reasonable allocation of these among albums and

singles. Try to find out how something about how the income from ,

. record sales is distributed and estimate how much of this might go

to the Beatles. How much might go to the recording company? To

record distributors and retailers? How much of the performer& share

might go to managers and the like?

e) Page 169 gives'a chemical''compound that has a 1,913-letter name.

About how many lines of pring thiS book would that be?

f) Thisis only a sample. One can open such a book to any place and

find interesting numerical data. Check out this book or another

r-,,ord book and make up at least, five more problems suitable for

these problem sets.

1.3 Numbers Used for Indexing, Ordering, Identification, or Coding

We generally think of numbers in connection with "counts" or "measures."'

But numbers are also very widely used in indexing, or identifying people or

%
10
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things, 6,- controlling sequences of evcr.ts. Here are 5me examples and some

questions to go with them.

Problem Set 1.3

1. a) Years ago telephone nunbgrs had just as many digits as were necessary

in a local situation. For example, a three digit number might_da

very nicely for a smalnown while a 6 or 7 digit number might be

necessary for a large city. In large cities telephone numbers were

frequently a combination of letters and nuMbersor example, BU

1-2345; with the letters being abbreviatioris for regional names,in

the city. Recently telphone companies throughout the United States

agreed toomake all telephone numbers of Tdigits, doing away Wtth

letter'designations and considerations of the size of town where a

phone is located. What are some.of the reasons that might have

prompted such a decision?

b) Actually telephone numbers are now identifie4,by a 10 digit code,

with the first 3,digits being a so-called "Area Code." Look at a

map or listing of area codes in a telephoke book and make some con-

jectures about the way in which they were assigned., If possible,

have someone in yOkir class check wlth a teleptiOne company official

ab6ut the correctness'6f-your conjectures.

c) For the 7 digits following the area code,,what is the largest possi-
)

ble number of telephones that can be,included within an area determ-
,

fined bi one area code.

d) Area codes always have second digit of 0 or 1, but no,regular tele-X

phone numbers do. This is ho that the machinery can detect when'an

area-code number is being dialed. What is the largest possiblenum-

ber of.such area codes that
%

telephone companies can assign? In

theory, can more telephones be accomodated with such a three digit

area code followed by A seven digit number or by simply assignipg

anyone who has a.telephone a ten digit telephone number?

2. Get a U.S. map that shows the interstate highway sysjems and the odder

national highway, system. Study the numbers of interstate highways and

determine if any particular principles in assigning numbers apply. For

example, is there any significance to even and odd numbers? To three

digit versus two digit numbers? To the relative size Of the number?

Now'study'ihe numbers assigned to the older U.S. highway network and

answer similar questions., When you've finished, try to verify from

11
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some source the correctness of your conclusions.

.

3. The "Dewey Decimal System" for library cataloguing has whole numbers

(hundreds) for broad categories (e.g., 500 is science and mathematics),

and tens and one fOr more specific categories. As the cataloguing be-

comes more complex and more ,categories are needed:, -decimals pare used ,

(e.g., 510.19). The Library of:Congress system is basically'similar, but

uses code letters along with numbers and allows for more categories, hence

is often used for very large collections.

a) Find out what system of cataloguing is used by your school library.

Fdd out how fine °the divisions are. For examplecis any book in

your library identified. by a.decital number?
.

b) How many books are in the largest librar'near you? (Don't forget

to consider college or university- libraries, which frequently have

very large collections.) What cataloguing s

)

tem is used?

Y
4. The mathematician Philip Davis tells this story:

/

"On a recent,trip to New-York I got off at Pennsylvania
Station. I walked to the taxi platform, but the train had been
crowded and soon dozens of people poured out of the station for -

cabs. Some o them waved and yelled; some stepped in front of
the cabs rusting down the incline; some, who htd porters in their
employ, seemed to be getting preferential treament. I waited on
the curb, convinced that my gentle ways and the merits of my case
would ultimately attract a-driver. However, when they did, he _

was snatched out :from under me. 'I gave up, took the subway,
. cursing the railroad, the cabbies, and people in general and hop-

ing they would Sll get stuck for hours in the crosstown traffic.

Severar weeks latr? on a trip to Philadelphia, I got off
,

at the 30th St. Station& I walked tWthe taxi platform. A
sign advised me to take a number. A dispatcher loaded the cabs
in numerical order, and I was soon on my way to the hdttl. It
was rapid, it was pleasant, it was civilized.' And this is a
fine, though excee4ingly simple, way in which mathehatics may

-affect social affairs. ...The numbers have an order, and can
be used to simulate a queue [line of people) without the in-
convenience and indignity of actually forming a queue. The
numbers are a catalyst that, can help turn raving madmen into
polite humans." ("The Crite4on Makers: Mathematics and
Social Policy.") _

a) List some places you have been lately where the natural order of the

whole numbers and the "take a iumber" system have been used to situ-
,

late a queue to make order of service more fair.

0 t?

b) Could the set of fractions be conveniently used in this way? Why or

- why not?

.12
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0 Try to think of some other places where the natural (rder of whole

numbers play a role. (Games, sequencing work, putting together'

model kits, etc.) a.

d) How do such uses of whole numbers differ from counting usts?i

:6) Can you imagine a situation wheie strict adherence to numerical order

might not be warranted`n dispensing some service?

. Charge account cards are very common,and.the numbers on the cards en-.

able efficient processing .of th,cards by machine.- There are sometimes

annoyind errors, hoyever, mostly
\

in clerical recording of the numbers.

- Since mIchines will "read" whateveisnumber is recorded, there should be

some way of removing cards with incorrectly copied numbers from machine

control' so that a human operator can lo6k at other information on the
1

,

card to corre t the error.

In fact, system has been dbvised to do this. It depends on adding

an extra digit called a "che.ck digit".to the end:of the regular-charge

account number. Here is a system used by a book publisher. All charge

t

account numbers are five digits long plus a check digit which is assigned

by taking the shm of twice the last digit, three times the next to last

etc., and then finding the remainder,after division-of this sym by

elevIgn.,\ This inremainder is the check digit. Fo-2 example ithe case of

number 35796 the check digit is found as follows: 12 +27 + 28 + 25+

18 '1-110; 110 + 11 r 10 remainder 0; so 0 is the check digWand the

compl te number is 35796 * 0.

a) Verify that a transposition error (such as writing 28143 for 21843)

will be detected by this routine.

/
.

b) Verify that leaving out a digit (e.g., 1843 for 21843) or repe'atihg

' a digit (e.g., 218843 for 21843) will be'detetted. (The computer

y11.11dobably read 1843 as 01843; it, might also have another routine

red into it,to reject invoices with serial numbers of the
4-'

wrong length, such as 1843 or 188043.)

c) Thtnk of some other errors that might be made ih copying numbers and

see if the check digit system would detect them.

4-
Why might the inventors of this system have used 11 as a,diyisor in

making the check digit? Why not use,5; or 9; or 10? Would it make

any difference what number vas used?

e) See if any of the credit cards used by people you know have Check

13
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I:. 4

digits. .The probably difiertnt than outlined heretry

to figure it out.

6. A very widespread use of, code numbers these days is on the tabulating

cards used with computers. In the first of'the two pictures of such

y

tabulating cards, the holes show how the numbers
0 A
punched into such cards, and how each letter of t.-

Set'if you can 'readPtht Message punched into the

next time you see such a card, see if you can read

from the punched holes only.

through nine-are .

alphabeeis punched. '

card below it. The

the information pn it
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44-. Large and Small Nuibers; Order of Magnitude
1 A

In world we frequently dead with information that involves Very

large numbers"; .for example, the b4lions of dollars in the United'States bud-
.

get did the millions of dollars in local, city, and state budgets. On the

,,ctueT handj we al*elllso frequently required to deal with information about

veri:mull quantities; for example, parts-per-million in various air and water

indexes.

41,

Exercises l.4h :

e4

F97 many purposes it Is helpful just to realize about how big a

must be to?descmilie a Situation adequately. Considei the following table and

put.a check itkark in the column that you think gets you "in the right ball

park. It Citieck with classmates or friends and resolve disagreements in

your udgme'nts, \fterhaps by consulting almanacs or encyclopedias. t,

number

. (
..

c,

.0
43

0
r-I
r-I
...I
0
0
C
a
.0
+'
0
Ci

04
43
0
0

..-IrI
1,4

0
.0
43
0
0

..-IrI
5.-4

0
.0
+,V
000
0
g0

04
43
V
CU

I..
d
§=

04
43

0i.
0
E0

0
0
E-4

0
V
CL)

I.
V
0

0
"1:3
0
al
Cr1

0
2

V
0
0
iiii
0
0

,CC

E

V
0
C30
0
0
g
d
CL)

L.
V'

0
0
0
elrI
V.

C.1

0
0rirIrIri

.d.

t

0
0
0

...I
,-I
r-I
A
::-:

V
CL)

L.
d
0

0
00
.-IrI
1

0
...IrI
r-i I.r
PI

004
43

CL)

t,'

--TiTz4;esheight of man
4(netts).t (Remember
that a meter is about

A

the same as a yard) \

Average small
bird (meters)

'Insect :((meters)

'Bacteria (meters)

Virus (meters)

Molecule (meters)

gtoM (meters)

Annual tons of
garbage in U.S.

Motor.vehicles peF
U.S. family

Pounds of food per
U.S. person per day
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universe (miles')

.Miles per 'gallon for.
1

1

.

automobile
'

,
r

. ,
Number of public school

,teachers in U.S.
1 1

Walking speed (mph) I 1

_

Automobile speed (mph)
. ---..

Jet airplane speed (mph)---____ _.

'Neon rocket speed (mph)
I
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..Atlanta, Georgia

:population

,

,,
.

/ . e -.
.

. -
Chicago, Ill.
tCpulation .

.

1

Children age 6-18

In U.S. . .

...- .

.

-,

U.S.- population

.

World-'-lopulation

, -

Annual net world
population- increase

, I

.--L_______L____

._

ProlIlem-Set 1.4b

1. In some scientific work an instrument called,a diffraction grating is
. .

uses. This. is a slightly Concave mirror with 30,000 equally spaced lines

,to the inch cut into it by a diamond needle so that when a beam of light

strikes it, the light is diffracted into over 100,000 distinguishable

colors. Try to estimate the thickness of the paper onimphlch this ptltge

is-printed, and the number of such lines which co.ld be included in a

space equivalent to the thickness of the page.
r

2. A recent (and somewhat controversial) book speculates that the ultimate

source of'life on earth is the .energy supplied to the earth from the sun

over billions of years. Indeed, the sun does put out an enormous amount

of energy. One book (Mathematics in Everyday Things) estimates that the

sun continuously generates the equivalent of 5.2 x 10
23

horsepower of

work. About one two-billionth = 1 X 10-9 = .5 x 10-9 = 5 x 10-1

2 x 10
9 2

of this is received by the earth. If this is so; about how much horse-

power is continually being intercepted from the sun by the earth? An

average automobile engine may berated at about 200 horsepower;-how many

such engines would it take to equal the sun energy intercepted by the

18
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earth? (The book doesn't say hC4 much,of this energy is absorbed by the

V d' earth'Netmosphere and how much actually reaches the ,earth's surface.)

According to 1001 questions Answered About Trees, the U.S. Christmas tree

market in 1959 was about 40 million trees, with about 9L% coming from

forest ,lands and the rest from tree plantations. Make-an estimate of the

average cost of a' Christmas tree and assuming things haven't changed very

much since 1959 estimate about how much Americans spend on Christmas trees

every year. How does this compare with annual spending in the US-. for

something else that you are interested in? , t'

_'4. The article Intellectual Implications of the Computer Revolution, makes

the point thct when technology achieves an order of magnitude (tenfold or

factor of 10) increases in efficiency, it usually changes tte way one

thinks about things. For example, ping fromthe horse and buggy days of

5 to 10 miles per Hour to an automobile of about 60 miles per hour (a one

order of magnitude change In speed) has changed the entire fact of the;

land and how we think about transportation. Similarly, the one order" of

magnitude jump from automobile speed to jet airplane speed has changed

many of our concepts of the world. The article says that !Somputers have

improved in speed by at least six orders of magnitude (ten used as a

factor six times, or 1C: , or a million old increase-) and remarks: "In

order to 'understand the factor of a million, con -the following'two

situations: first, you have only one dollar, and second,, you haveone

million dollars. p'ou can readily see that in the two different - situations

there ca;'re fundamental differences in the view you adopt of yourself and

of the possibilities'that are open to you:: With the use of such high

speed 'electronic computers tie cost per unit of computing has decreased

by someyhingsore than a thousand three orders o' magnitude) ever cal-

culating done by hand on desk calculators, and there are far fewer mis-

takes. "It '!s as if suddenly automobiles-now cost 2 t'3 b dollars, houses

20 to 60 dollars." List some other situations where changes of ore or

several orders of magnitude makes a great difference in the way thipgs

are thought about.

5. The origins of thr earth and universe are subject to much speculation and

inquiry. *One theory holds that the universe began as a tremendously con-

centrated "cosird' egg" with an initial temperature of over 10 billion de-

grees Celsius, '1 x 10
10

C
o

) or 1$ billion degrees Fahrenheit '1.8 x

10,o
10 r ). This cosmic egg exploded and will expand until it loses its

energy, then contract again into another cosmic egg at which point the

19

'7

t j



Y/

.

cycle will be repeated. One estimate that goes with this bit of specula.- _

tion is thgt the period of oscillation is about 80 billion yeArs. How

many life spans of a-man is that Try and find some r_atimate of thc posy

sible maximum age of the earth and see where we might be in such an oscil-

lating period.

6. A ligh\ bulb uses about 100 watts of power. The power inNmusic and other,

wsounds can also be meas.-red in watts. In an ordinary _onversation a man

;produces about one 10-millionth of a watt (.0000001 w or 1 x 10
-7

1.7) . .

.

How many people talking would it take to produce the power used by 100

bulb?

7. The author recently (October 1971) went to a rally to hear a steech given

by one of the candidates for nomination for President in 1972. Among-
*,

other things, to said that Illinois pays 14 billion dollars per year in

federal tsxes, of which 9 billion dollars goes through the Pentagon,(i.e.,

for military and defense expenditures). Of this $9 billion, about 40,bi1-

lion in a recent year vent to southeast Asia. Guess one of the issues of

this'oandidate. The 1970 census found 11,114,000 peoplein,Illinois.

Assuming these figures are correct, about how much per person do residents

of Illinois pay annually in federal taxes? To the Pentagon? Via the

Pentagon to southeast Asia? What are some possible uses you could make

such information? What assumptions might underlie this candidate's

use of,this information? Pick something familiar to you and relate it t9

'these figures. For exauple, how many 'automobiles can be,boughtfor tee.

money the Pentago'n spends? How many schools? How many housing units?

Etc. The point here iz npt necessar'ly tha the moray should be.spent

irk some other way, but just to find way o getting familiar examples,to

make more real just how much money is involved.) Muth of the business of

1..formed citizenship t.ese days involves understanding such numbers and '
putting them in perspective. At the time you read this, are there things,

in the news involving large expenditures of money?

-
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Chapter II A.

IUSES OF PAIMAND TRIPLES OF NUMBERS

I .

..

, I

In chapter cne, we talked about the use of mathematical models and abouti

, ,

yays of,using sifigle numbers for numerical descriptions, for counting or mea-
,, .

suring, for orde ing,for coding, for identification numbers, and in other
'.:. 1--,

ways. We
.

'diseu
I

sed the "order of magnitude" of numbers and "scientificnota-
-,

, .

on" for very arge and flor very small numbers. In this chapter we will ,be ,

`dealing primer fI ly pith numbers used in pairs or triples in a variety of ways.

1\
-,;?:1. Systems

,

/ s-
;

On a lon autonobile trip a highway can be idealized as'a "num erline"

.with the mile ges al:T.1g that number line serving_to locate oneself on the

journey. GeriIerally speaking, however, man wants his location not merely on a
. ..

(.7,-line but,on surface--on the earth, within a country, within a city. For

14bis.he usua,ly needs a pair of numbers. Similarly, if he needed to locate

"Room #306" (within a building, he might realize that
1

the number 306 probably
I'

does might riot mean the three-hundred-,sixth room but rather third floor, sixth

room t Thatlis, a pair"-of numbers is concealed in the 306.

I

,

To begin with, let us consider the problow of precisely describing loca-

.;,

, tiors on the surface of the earth. As in all problems of location we need to

I

,have standard refer:aloe lines. In the case, of the earth, one of these is the
I

earth's equator. (For tiis discussion and the problem set that goes with it,

it will be helpful to have a standard world globe before you.) Locations north

and south" or,the equator are on circles parallel to the equator. Each such

'circle 11 assigned a number between 0 and 90_ -north or 0 and 90 south. (What

is the radius of the "circles" numbered 90S or 90N?) The number assigned is

the measiare of an angle in a plane perpendicular to the equator and through

the center of the earth, with the vertex of the angle at the center of the
1

earth arid rays intercepting the equator and the parallel circle north or south

of the cluator. (See the diagram on the following page, showing the 30th

parallel North.) As with other angle measures, if more precise measurement is
'requirld, circle is assigned a measure in degrees...and minutes, or even

degree , min tes and seconds. (For
4, I

problem", hpw&Vtr; round off-. 4 Si, /,e ,f
to thl nearest degree.) This part ii'lepullf,I4 ..11.9,,,ggt4-Ondi; lube is often

j.

*11,
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called the latitude. (According to Mapping geographers reftr to it as "phleti-

tude," because they label it with the Greek letter Phi (0). This may help you

remember, the meaning, since the letter P goes with parallel, and latitudes re-

fer to "iarallelS.")

Problem Set 2.1a

1. Find the city you live in op i world globe and find oat what parallel It

lies on

.2. The Canadian-United States border runs roughly along what parallel? Ex-

eluding Alaska, what V the latitude of the northernmost point in the

United States?, Including Alaska, what is the latitude.of the northern-

most point? Roughly speaking, where does our southern border run, i.e.,

along what parallel? What is the phlatitude of the southernmost point in

the United States? Is Hawaii further south than most other p4ces in the

UnitedStates? Where are such American dependencies as Puerto Rico? Is

all of Mexico south of the southernmost point in the United States? Where

is Havana, Cuba with respect to the southernmost point in the United States?

3. As the world moves, the stars in the sky seem to move, but there are

certain "flied" stars. The most famous of these is the North Star

(Polaris). It is said to be the Ase that the latitude of a location

can be found by measuring the altitUde in degrees of the North Star above.

the horizon. Try to figure out why this should be so (draw a diagrai)
.

and try to verify it by first finding the latitude of your city on the

world globe and then comparing it with the angle in degrees between your

horizon and the North Star. .;For very accurate measurements of this sort

navigators use an instrument called a sextant. You may want to see if

one is available and find cut how to use it, but there are probably

other ways to get a rough measure of the angle in question.)
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4. After World War II the "38thOperallel" was defined as the boundary be-

tween North Korea and South Korea. (This boundary was changed somewhat
,

by the Korean War.) Look at yo-,,r world globe and make a list Of other

important boundaries that seem to be defined'in terms of parallels of

latitude.
0

Knowing only the latitude is not much help in locating yourself, because

that only puts you someplace on a very large circle parallel to the equator.

(Unless your latitude is ear/90
o

; in that case, what would you be Wearing ?)

To locate yourself in the ast-west direction consider the "great circles"

through pole§ of the earth. (A great circle is t intersection of the earths

surface with a plane thiough the center of the earth.) Meridian or longitude

lines are semicircles from North Pole to South Pole that lie on great circles

tnrbugh these poles. ,To attach numbers to these meridian lines, one of them

icarbitrarily designated the "prime meridian" and all others are; assigned

numbers from 0 to 180 East or 0 to 180 West ofthiS prime meridian. Prime

meridians has been defined in many ways throughout history and you could make

it the meridian passing through place you are right now but on most maps it

is taken as the one through the Admirality Observatory In Greenwich, England- -

Problem Set 2.1b

1. Keeping in mind that there are 24 hOurs in a day and that the earth is

rotating counterclockwise when looking down on the north polb, why ig it

1(
that the meridian lines marked on many maps are spaced 15(degrees a art

at the equator These particular meridian lines (called central meridians

or time meridians) run approximately through the middle of "time zones"

around the world so that when it's high noon at the Greenwich Prime Mer-

idian, it is 1 o'clock at the 15
o
meridian east, 2 o'clock at the 30

o...

meridian east and so on around the world. Time zones4are about-15
o

wide

with irregular boundaries determines for national and regional conven-

ience; for example, it would be a nuisance if a given city were divided

into two time zones. Look at a'map and see what time.zone/youPare in
r ,

and how many degrees its,time meridian is from Greenwich. Look at the

boundaries of your time zone and figure out why they run as they do.

. The international dateline is, roughly Speaking, the meridian numbered

180 east or west, hal:way around the world from the Greenwich Prime Mer-

idian, From the information just given, figure out why this should be

so and why it is,one day later'on one side of the dateline than on the

other.
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3. Find out the average meridian (or longitude) of your city. i(Longitude

is designated by geographers with the:;dreek letter lamdat written X.)

That is, find out how many degrees -around from the Prime Meridian you

are.

L. Latitude can be found by finding the angle of the North Star above the
.

horizon; longitude can be found by knowing what time it is over the Prime

Meridian when it is exactly "high noon" la the sun ov4 your location. :

Hence up until a few years ago accurate navigation of ships and airplanes

Ak
depended on having very accurate timepieces (chronometers) set to the '

time at the Prime Meridian. One then simply had an instrument to de-,

termine when it was exactly noon (sun exactly overhead), read the chron-

ometer, and from that figured out how many degrees one'spresent location

was, from the Prime Meridian. Set your watch to "Greenwhich mean tg ",

then take a reading at noon tomorrow (by the sun, not the chock) and s e

if this works out properly.

5. In addition to latitude and longitude it is sometimes important to'know

your altitude. What i$ the (average),altitude of your city? What'are

the highest and lowest places in your state? In.the United States? (In

each case try to give approximate latitude, longitude, and altituAf of

high and low'Olacei.) That is the lowest place on earth,,including the-

deepest place in the ocean? What is the highest place place on earth?

What is the lowest place if you don't go under water; that is, what is

the ,lowest dry-land place on earth?

6. With latitude, longitude, and altitude, there are three coordinates to

locate a *milt in our ordinary 3-dimensional space. If you wexe dire'ct-

ing two airplanes in such a way as to avoid a collision, you would need

to know in addition to latitude, longitude, and altitude the time each

airplane is at a given place; that is, four coordinates are needed.

(Authors of popular science articles and science fiction stories thus

sometimes charaOterize time as being "the fourth dimension. "), consider-

ed this way, the number of dimensions is simply the number of independent

pieces of information needed to describe a situation. Can you think of

situations wiferg other pieces of information would help in locatinryour-

s,elf?

7. When locating ourselves in everyday life we frequently use a number of

separate pieces of information. For tixample, if somebody wanted to lo-

cate you in school, they might need to know in addition to the city you

are in stch inforiation as the street address, room number, desk in the

3%



room, and the period or time. How many separate pieces of informaticin

are given in the following set of directions? A certailiAdhool in Chi-

cago is-lodated at 1362 East 59th Street; during second period a student
.

is in room 306, at the second desk in the first"row it the room. Could

.the location of this student be described precisely with fewer pieces of
_ .

information? Could latitude, rongitude, altitude, and time exactly 'lo-

cate this student if it were possible to precisely determine them?
. .

8., In the case ofIlatitude, the standard reference line is the equator. In

the case of longitude the Standard reference is usually the Greenwich

Prime Meridian. What is the reference for expressing altitude and how is

it determined?

9. To avoi'd'serioUs disputes it is important that real estate property be

described very precisely; take a moment and think of situationd where

serious,disputes could arise if the boundary lines of a piece of property

were unclear. Here is a description of actual residential building

;lot in Chicago, Illinois:

Lot 14 in lock 5 in Ashland, a Subdivision'of the North

three quarters nd the North 33 feet of the South qudrter,'both

of the East ha of the Nortlt East quarter (except the North
167 feet there f) in Section 18, Township 38 North, Range 14,
East of the Th rd Principal' Meridian'in Cook County, Illinois.

The description mentions "the Third Principle Meridian" as a reference

line and also "Rtilge 14" as a reference line. Find out (perhaps from

someone in real estate) what this description means and how you could

locate the property in question. If possible, get a description of the
,..

property on which your own home or school building is loAted and figure

out what it means. ,(If you get stuck, the book Mapping, will give you '

information on how the United States has been surveyed and boundary lines

established for Sections, Townihips, and so on. Thip book is full of

fascinating geographical infqrmation, and will alpply some inter-

esting details about navigation, "earth s and map making.)

On the following page there is a, map of a part of the south side of Chi-

cago, Illinois. Lilco?. many of the "newer" cities in the United States, Chicago

is laid out on a rectangular grid so that two pieces of information (distance

north-south, distance east-west) give unambiguous locations and also serve 'to

show the relation of one location to another. Since many of the - streets are

named rather 4t8n numbered, one also needs a key to know which location coor-

dinate goei with the name; a list of some 0 these is given under the map.

The reference line running east and west is Madison Street; the one running

4
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Anthony (400E 6801S-SE)

Ashland .(1600W)

Avalon (1234E)
BaldWin (1900E)
Bennett (1911E)
Birkhoff (634W)
Blackstone (1437E)
Calumet (325E)
Champlain (625E)
Chappel (2038E)
Clyde (2100E)
Constance (1836E)
Cornell (1632E)
Cottage Grove (800E)
Crandon (2300E)
Cregier (1800E)
Cyril Ct (1934E)
Dante (1433E)
Dobson Av (1026E)
Dorchester (1400E)

Drexel Av (900E)
East End (1700E)
Eberhart (500E)
Eggleston (430W)
Emerald (732W)
Euclid (1934E)
Fieldirg (518W)
Gilber Ct (700W)
Givins Ct (721W)
Greenwood (1100E)
Harper (1500E)
Harvard (3194)
Indiana (200E)
Jeffery (2000E)
Kenwood (1342E)
Kimbark (1300E)
KineDr (400E)
Lafayette (26W)
Langley (700E)
LaSalle (150W)

Madison

Er,:arged map above
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Luella (2224S)
Marquette Rd (6600s
Marquette Rd S (500E)
Merrill Av (2125E)
Michigan (100E)
Normal 4iv (500W)

Parnell (5344)
Prairie (360E)
Princeton (300W)
Rhodes (532E)
St. Lawrence (600E)
South Chicago (400E ..700S-SE)

South Shore Dr (1734E 6700S-SE)
State St (1E W)

Stewart (4004)
Stony Island (1600E)
Union (700W)
Vernon (420E)
Vincennes (700E 3500S-SW)
Wallace (6004)
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\
'nOrth*and smith ii State Street. Hence the address /362 East 71st Stree%

_

-- A
:describes the location a little over 13 blocks east of State Street and 71

.

"bloicks south of Madison Street (since in Chicago all the numbered streets are

south .of Madison.) Some of the older cities in the United Sates have much
;

less tiltly addressing systems; below we'll indicate dome'of them and also some

-,other rathernice systems.

Problem Set 2.1C

1. Notice that South Chicago Ave. runs Co agonally across part of the map.

If (and only lf) you have had enough algebra to know about slopes of

lines and equations of lihes, figure out what the slope of South. Chicago
. ;-

Streetis if Madis-ais the X axis,'State Street is the Y axis, and north
.

.

and east respectively are regarded as positive directions. (Rememer r 4
:

that unless indicated otherwise the top of a map is regarded as tqe

northerly direction.)

= .

2. For each of ten Chicago addresses of your invention (but on the map) give

a pair of numbers that would pinpoint the locatiop in question. You will

3. , prlhably need to use E-W and N-S codes along with the numbers, ff a

coordinate system were set up as in problem 1 above, could all of the

addressed be expressed unambiguously without E-W and N:S codes? How?
/

3, Two additional thing's about the Chicago addressing system.can be noted:

even nuMbered addresses are all on one side of any street, odd numbered

addresses On the other side and every increase of 100 in the numbering
1

systemmeans 7th af a mile. The numbered (East-West) streets on the
1

south side of Chicago are uth mile apart but for North-South streets

there is no such regularity. (In ,me parts of the city there are twe1ye

North-South Streets per mile; in other parts sixteen; in some places

neither of these--as you can see from the map.) Main traffic streets

are usually a half-mile apart. Find out how your own city or town (or

the largest city nearest you) is laid out for addressing,purposes and

see if tie even-odd or eight blocks to a milt conventions are followed.

4. Addresses on New York's Manhattan Island are not as neatly arranged as

in Chicago. Each of the North-South streets must be regarded as a sep-

arate number line with its own system of coordinates; hence, "45 Fifth

Avenue" may not be anywhere near "45 Fourth Avenue," nor is it likely to

`. have anything to do with numbered streets such as Forty-fifth Street.

Try to get a map and other information about Manhattan addresses and find

out if there is some systematic way of finding yarious locations from

27
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their addresses.

5. Detroit has a number of concentric circle main

city core--"One Mile Road," "Two Mile Road," "

on. Other main
4
streets go out.frms-the center

streets around the central

Three Mile Road," and so

of the city like the

'spokes of a wheel. Given such a design for a city, how could one invent

an unambiguous addreising_system? Try to find out-if the system you de-

vised.does in fact resemble that used by Detroit. (There is a mathemat-

ical coordinate system called "polar coordihates" that resembles e

DetrOit map. Find out something about it or ask your teacher about it.)

'1.
fig

6. To gdt a letter delivered promptly in Washington, D.C., you must include

NW, SW, NE, or SE after the street address. Why do you suppose this is?

Verily your conjecture.

Many of: the older cities of the world have address systems that are very

confusing indeed, at least to a stranger. For example, along a street

in Paris, France, there may be a number of small segments each of which

has a different name, with each named segment having an independent num-

bering system along it. It gets even worse in some places. For example,

it is reported that in some towns buildings are numbered according to the c

order in which they were built, so that a new buildingmight have a very

high number right next to a building with a very lorinumber. Try to find

out about the address systems in, say, Tokyo, Japan, or any other city

that interests you.

"7.

2.2 Ratios and Percents 7

When using pairs and triples of numbers'as "coordinates" to locate some-

thing, each number retains-its identities a separate piece of information.

But frequently two or more numbers are combined into a single number, and the

individual numbers lose their identities. For example, you have often combin-

ed tuo or more numbers into single numbers using ordinary arithmetic opera-

tiofis such as addition and multiplication.

In many cases the most useful way to consolidate two pieces of informa-

tion into a single piece of information is to express a "rate" or a "ratio"

by combining the two numbers into either a fraction or a quotient. For exam-

ple, 1001 Questions About Trees tells us that it-used to be thought that in

making paper from wood, only the wood .fibers from soft wood were suitable be-

cause they are much longer than the fibers from haid wood ("about one tenth of

an inch longfor soft wood and less than one twenty-fifth of an inch long for



iiehard woods). Later it was found that what mattered was not the length
. <

oi't4e fiberrbut the ratio of the length to the diameter. Since hard wood

11.144i are both thin end short, a length-to-diameter comparison by ratio shows

94ii they are just as suitable for making strong paper as are longer and thick -

er
.

soft wood fibers.

In'the papernaking example given above the ratio is formed using two

measures giVen in the same units. Frequently ratios are formed using measure

titits that are not the same. For example, consider average automobile speeds

iiised in miles per hour. Suppose someone tells you that he made a trip

at'ap average speed of 50 milei per hour. This inforiation might have come

tram a trip,of 100 miles, made in two hours or a trip of 25 miles made, in a

half -hour; in either case, information using two different units is compared.

the origihaf, information given by pairs of numbers lost when the"
average speed is expressed by a single number--50 miles per hour.

Problem Set 2.2

1. Peop le are .frequently interested in how many miles per gallon (mpg) they

get from theiromobiles. "Fifteen miles per gallon" could be gotten

froM any of the following measures: 300 miles, 2U:gallons; 420 milesT-

28 gcllons; 330 miles, 22 gallons. Find out the "mpg" for your family
.

,.--
car. What might affect the mpg?

2. Stiii other common examples of ratio are found fE government statistics

such as per capita (that is, per person) income or per capita tax reven-

ues. In this connection recall problem number seven in Problem Set 1.4b

a bout U.S. Income Taxes from Illinois and how they are allocated to cer-
,

tig tarn uses; how much per.citIzeri; and so on. Find some other Such govern-

ment statistics and up several problems suitable for this section.

31%; We often express information in terms of a comparison to something Ise

That mieAt be regarded as important. yor.example, in 1001 Questions
s.

Answered About Trees we are told that in 1945 damage to "saw timber"
4 o'.1

. 5
(timber made into lumber for construction) by insects and diseases was

,":.

2
l

billion board feet per year, and that this loss was more than 3,times 2 II

the loss from, fires. By 1959 (when the book was published) the insect

and disease damage was around 7 billion board feet per year and this was

said to he about 9 times the fire loss. What was the approximate fire,

loss in 1945? What-was.the approximate fire loss around 1959? Is the

fine loss decreasing or increasing? Wow could you have answered this

last.question without actually figuring the fire losses given for 1945



and 1597

4. 1001 Questions Answered About Trees tells us that a bamboo tree resembles

certain grasses in its structure (the scientific name of bamboo, dendro-
.

calalamus, means "tree reed") and that one can almost see a thriving,

bamboo tree grow; as much as 18 inches in a single day. What is the

average growth per hour of a bamboo tree growing at that rate?

,. Much of the land in the United States is surveyed and divided into mile -

square "sections"; these in turn are divided in.o quarter sections, then

quarter-quarter sections, then in square blocks (see diagram).

one mile

Section

Quarter

Section

.

Hence there would be eight blocks along a one mile side of a section.

(See if this is the case for your pity.) If there are 8 blocks per mile,

how many feet per block are there (5280 feet per mile)? How many yards'

per block? About how many football field lengths or 100 yard dash track

lengths per block? If you run hard for a block, have you done a 100

yard dash or a 220 yard dash or a 440 yard dash or what? Notice how

-Square Block

many times the word "per" is used in the few sentences above; this word

frequently indicates ratio or rate expressions.

6. Athletic fields frequently have a running track around the outside of a

football field; about how long is such a running track likely to be and

how many tines around it will make a mile?

7. One common use of ratios is to express "scale" on such things as build-

ing plans and maps. Fcr example, a frequently used ratio in architectural

drawings is one eighth inch to one foot. Using this scale, for how large

a building could you draw a plan on a page of this book leaving reason-

,able margins and space for title and explanations? What sort of scale

would be appropriate if'you'were going to draw a floor plan of your

mathematics classroom on a page of this book? What scale would be appro-
.
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priate to draw one entire floor of your school on this page?

8. The book Mapping tells us that the scale of a map is often expressed as

a "representative fraction" which tells exactly how much the map is
.

"shrunk" with respect to the actual ground it represents. For aample,

a representative fraction of 1/5,280 would tell us that one foot of the

map wbuld'represent 1 mile of actual distance (a mile is 5,280 feet).
. -

If, as is fairly common, a mapyou are looking at has 'one inch "equal"

to a mile, what would the representative fraction be; that is, flow many

inches aretheie in a mile? At a scale of one inch per mile how long

would a map'have to be to represent the United States excluding Alaska

and Hawaii coast-to-coast (about 3000 miles)? How wide? If your school

his'a -flat roof,'is it large enough to accomodate such a map?

9. Mapping tells us that the mIrpose of a map is often defined by its scale.

For example, maps with representative fractions of 1:1,000,000 and smaller

are usually atlas maps giving general views of the earth's surface, shapes

of continents, boundaries of countries, and so on. Maps between

.1:1,000,000 and 1:10,000 allow more detail about a given region. Maps of

'a larger scale than_1:10,000 are usually used to,show real estate diVis-

ions ami surveys. We are told that the nicknamq for maps with 1:1,000,000

scale is "a million map." Such a million map miy be part of a large.map-

, making project, "The International Map of the World," which many nations

thrOughout the %-orld are cooperating on. In this scale about how many

miles are there to an inch?

10. quppose that you are, dealing with a world globe that is one foot in di-

ameter; this will make it about 38 inches around the equator (why?). The

earth itself is about 8000 miles in diameter, hence about 25,000 miles

art,und 'the equator. So about what distance does one inch on such a globe

represent!? Now, using the number of inches in a mile, change this to a

representative fraction. (Since the 12 inch diameter globe would have a

circumference of n little less than 38 inches and the equatorial circum-

ference is very nearly 24,902 miles, i* would be a little bit silly to,

give answefs to the above questions in very exact numbers.)

f21

11. We have. the impressions that the earth is very :Irregular with very deep

oceans; and very high mountain peaks. This is indeed so, yet it has been

said that if the earth were shrunk to the size of a billiard ball then it
_-

would be fine to play billiards with Thattis, rely tive to earthi, ------

ormous size, the irregularities don't amount to much. see why this

would be so, remember that the earth has about an 8d0o mile diameter.



. , .

Figur t about how many mifes,high the highest mountain is, then figure

out w351part of the Now mile diameter this would be. Similarly, find
- :

out how deep the deepest point in the ocean IS in miles and compare it to

the 8000 mile diameter.

12. The world is not perfectly round; it bulges someifhat around the equator:

See If you can find out how much' his bulge is relative to its size.

Would irregularities of this magnitude seriouslyiaffect the "trueness" of .

a billiard ball?

13. Even a fairly large worla globe or map would not show the mountains and

ocean.depths clearly if the scale used vertically to show depths, and

heights were the same as that used in the rest of the dap f6 aticiw planar

distances. That is, any contour map has the vertical sulke gr6xts4y dis-

torted with respect to the other scales used. If you cyan find a' elief

map somewhere (perhaps in a library) verify this by measuring the Height

of a mountain on the map, then computing what height would 'tie repregented

if the vertical scale were the same as that used on the rest of the map.

For example, if the highest mountain peak on a relief "million map" meas-

ures one inch, that height would this represent if:the vertical scale

were also 1:1,000,000?

14. The book Mapping tells 4 that ratios are also used in dgfining standards

of accuracy for surveying. "First order of accuracy" is one unit error

allowed in 25,000 units; "second order of accuracy" is one unit in 10,000

units; "third order of accuracy" is one unit in 5,000 units. What would

be the allowable error in mils for each of these three. standards of

accuracy for a direct line survey coast-to-coast for the U.S.?

15. Mapping speaks of a Cape Kennedy satellite tracking job in 1960 that.re-

quired placement of cameras on a starve,- with an accuracy of one unit in

400,000; the U.S. Coast and Geological Survey actually delivered one in

one million accuracy. With this latter standard of accuracy, how many

feet error might there be in a coast-to-coast survey of the U.S.?

c
16. With the use of artificial satellites, it is, ossible to measure the dis-

'ance between the Atlantic and Pacific coasts with an error of only 10

to 15 feet; what standard, of accuracy does this represent?

17. "SpeCific gravity" is a measure of how much heavier or lighter something

is than an equal volume of water. For example, the specific gravity of

mercury is 13.596 because a cubic centimeter of mercury has a mass of

13.596 grams, while a cubic centimeter of water has a mass of 1 gram.

32
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The units of measure cancel in the ratio, leaving a number with no units

'Attached to it. Given the fact that, water weighs 62115 pounds per cubic

foot and mercury weighs about 848.80 pounds per cubic foot, form the ratio

and do the division, showing that in either system of units the specific

gravity of mercury is still about 13.6.

18-. If something sinks in water, it has Ispecific gravity greater than one;

if it floats, less than one. Do you see why this is so, given the defin:

ition of specific gravity? Figure out the specific gravity of'these com-

4mon. American hardwoods: hiltory, beach, and black locust may weigh 56

pounds per cubic foot (of seasoned wood). On the other hand, willow and

poplar may weigh only 2C pounds per cubic foot, while butternut, bassWood

and tulip tree wood weigh about 25 pounds per cubic foot.'

, 19. Some soft woods weigh nearly as much as the heavier hard woods. What 'Is

the specific gravity of Wester. Larch weighing 53 pounds per cubic foot

of seasoned wood?

20. In the West Indies, Florida, and the ucatan there is a black ironwood

tree which weighs up to 88 pounds per cubic foot. What is its specific

gravity? Does it float?

21. Make a rough calculation ofyour volume (pernaps by thinking of yourself

as a box dr cylinder), weigh yourself, then figure out what your specific

0 gravity is. Devise several different ways of estimating your volume and

indicate what simplifying assumptions, etc. go into each of these models.

for the estimation.

22. Form the appropria'e ratio and compare the average speeds (yards per sec-

ond, etc.) for each cf the following records (for humans) given in

Guinness Book of World Records: 9.1 seconds for L)O'yards, 19.5 seconds

for 220 yards, L4.7 seconds for 4,46 yards, 1 minute 44.9 seconds for 880

yards, minutes '--1.1 seconds for 1 mile, and 1.6 minutes 37.8 seconds for

10 miles. For which distance is the greatest average speed attained?

Does this surprise you:

'23. A handy reference point for .ompar.ng speeds Is that one mile per minute
I

(60 miles pr hour) is the same s 98 feet per second. Show that this is

ftrue. Use this information, ra i,_,s, and appropriate conversions to compare

each of the following animal sp

the previous problem. :hese ar

eds with man's maximum speeds. as given in

from Animal Facts and Fallacies: cheetah

70 mph; antelope 60 mph for twb miles ar3d,56 mph for 27 miles; deer or

race horse 45 to 5C, mph; greyhound 3') mph; buffalo 3d mph; elephant 25 mph.

/2
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3211-. The record High jump for man is about 7-

2
feet and the record broad jump

about 29 feet. Animals comparable to the size of man, such as a deer,
...o.

-."Itpala, or kangaroo can jump 8 to 10 feet high but a jerboa from Africa
-

/
,.

ii
Whose body is about 5 inches long can jump 3. to 4 feet high. How high

,. could a man jump if he could do as well relative to his size? (In Chapter

'OJ V we will discuss why man can't jump that high.)

25. Considering their size, many animals can do better than man in horizontal

jumping. For example, an impala can jump 30 to 40 feet, a large jack rab-

bit about 25 feet, a kangaroo 25 to 30 feet, while a jerboa can jump 12

to 15 feet; and a cricket frog only an inch long can jump, 3 feet. Ask and

answer a couple of interesting questions based on these data.

26. Using the information above, make up and answer a question about ratio Of

horizontal jump distances to vertical jump distances for man and several

-other animals.

Note: In the following problems, as in many past ones, you should use.ogood

sense and reasonable estimating procedures rather than trying for fusSy

and exact answers. The information about animal sizes is from Anim14

Facts and Fallacies.
4i1040 ./

27. What is the ratio of the adult weightto the birth weight of an a4rage

human being? Of adult length to birth length?

/

28. The birth of young bear oubs is during the wint r sleel... of bears; they

.sometimes weigh no more than 6 to 8 ounces, while an adult bear may weigh.

about 200 pounds. What is the ratio of adult weight to bil-th weight?

29. For both kangaroos and oppossums the young are born only a couple of weeks

after conception. Then with strongly developed front legs they climb

through the fur of the female into a pouch from which they emerge fully

developed about 70 days later. (Such animals are called marsupials;,the

pauch L.; a marsupium.) A newly-born kangaroo is only about an inch long;

weighs a couple of ounces and bears no resemblance to its parents. What

is the approximate ratio in kangaroos of adult weight to birth weight and

adult length to birth length: This is said to be a greater size difference

.than for any other mammal.

30. On'the other hand (still speaking of mammals), a newborn whale at birth

is often nearly half as long as his mother. A female sperm whale only 32

feet ,long was found containing a calf 114 feet 8 inches long. A Blue Whale

80 feet long had a baby 25 feet long weighing 16,000 pounds. If you can

find out about how much an 80 foot blue whale would weigh, figure out the
N,

I
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ratio of adult weight to birth weight for this animal. The Random Houie,

Unabridged Dicti-,nary says that thib whale, also called the sulfer-

bottomed Whale, is the largest mammal that has ever lived.

)31. It is said that ocean sun fish weigh more than 1200 pounds and are over

8 feet long, yet lay eggs that hatch into fish only lb- of an inch in

length. What is the ratio of adult length to birth (hatch) length? It

has been said that the young sun fish must increase its weight approxi,
S.

mately 60,000,000 times before it gains maximum size; if this is so, then

what is the approximate weight of the newly hatched fish?
*:

38. Musical notes blend togetlher perfectly if one frequency is exactly twice

another. If three frequencies are'in *ratio of 4 to 5 to 6 this combin-
m,

ation of notes is called a "major triad." The musical s ales which are

used in the western world in pianos and the like are precisely formulated

from certain ratios. 'Find Out something about the relationship Cif vari-

ous ratios to the construction of musical scales. (One source is Science,

Numbers, and I, pages 124 through 135.)

33. In the metric system of measure, water plays a role in several places.

For example, a cubic centimeter of water weighs one'gram, hence 1000

cubic centimeters weighs a kilogram, and the volume of a liter is defi ed

1to be 1000 cubic centimeters. The Celsius temperature scale has.zero s

the freezing point of water and100 as the boiling point of water; hence

water is a liquid between 0°C to 100 °C. The prefix 511.11" means "thous-

eth." Is one mililiter (abbreviated mi..) the same as one cubic centi-

meter? How many grams per mililiter of water? (Note ',o teachers: the

smallest unit in a Cuisenaire rod set is on cubic centimeter; it might

be useful to get a handful of those to show the students what a cubic

centimeter or mililiter volume looks like and hence howmuch water is in ,

a gram. Also, because the weight of water was found to be slightly dif- .

ferent than what it was thought to be when metric units were invented, the

equivalence of a cubic centimeter to a gram is only approximately correct,

though accurate to a fair number of decimal places.)

A unit of heat in common use in the metric system is a "calorie." This \

is the amount of heat it would take to raise the temperature of one gram

of water by one degree Celsius (actually from 14.5°C to 15.5°C.) It

turns out that this isn't much heat, so to have a convenient number to

work with most applications use "kilocalories." (Sometimes, but not al-
l*

ways, this "calorie" is capitalized: 1 Calorie = 1000 calories.) For

example, when a diet chart says that an ounce of butter contains say 200

"calories" it really means 200 kilocalories'. Get a calorie chart like

35
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those used for dieting Look at the calories per unit of various foods

and try in your own mind to relate that information to the heat defini-

tion of calOries. (For example it is clear that more heat energy can be

gotten from an ounce of fat than from an ounce of spinach.) Incidental-

'

ly, an ounce is about 30 grams--more precisely, 28.23 grams.

35. Weather and Health tells us that the most important mechanism for man's

surviving in extreme heat is sweating and evaporation f the sweat from

the skin. Each of us has about 2,000,000 sweat glands. For a short

period of time we can survive with a water loss of about 2 quarts per

hour provided this isreplaced by drinking an equivalent amount of fluid.

This corresponds to a heat loss of, about 700 kilocalorie's per square yard

of body sqrfece per hour. Over a 214 hour period a loss through sweat at

. ple rate of about one plat per hour can be tolerated, with adquate fluid

replacement. Estimate the number of square yards of body surface of the

average human adult. From this, estimate how many kilocalories of heat

a person releases by sweating the two quarts per hour; by sweating the

one pint per hour. Remembering that "a pint's a pound the world around"

(for water), what percent of the body weight of a person weighing 150

pounds would the two quarts per hour fluid loss through sweating repre-

sent if not replaced? The pint per hour loss?

Comment: As you probably know, a "percent" is just a standard.and con-

venient way of expressing rltios where the comparison is always to 100 units.

For example, 27 percent means exactly what you expect it to mean, namely 27

units per 100 units. Percents, of course, are in very widespread use in every-

day life applications.

36. From daily newspapers, advertisetents, and other experience over several

days, list at least 10 different uses of percents.

37. In Weather and Health we are told that a loss of about 2% of body weight

through sweat makes a person thirsty. In your own case how much water

loss would that be (that is, what is 2% of your own weight)? Using "A

pint is a pound" what volume of water is this?

38. If the water loss in sweat is 5% of the total body weight, there is a

very intense thirst and the body temperature and pulse rate rise rapidly.

How much water loss by sweat would that be in your own 6-pse?

39. Sweat water losses of over 7% of body weight can lead to circulatory

failure and possible death. Compute what sort of water loss that would

be for you. (These figures apply to those who are adults or near adults;
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small children and babies have much less tolerance.)

40. The body is much less tolerant of certain other kinds of losses from the

body. For example, sweating alsb removes salt from the body. A loss.of

one gram of salt for every 4 pounds of body weight normally results in

fatigue while the loss of 1.5 grams per 4 pounds of body weight may re-

sult in a drop of lsystolic) blood pressure-and possible shock. In your,

own case, how many grams of salt loss through sweating ,could result in

fatigue and:how much in the more serious effects? (There are about 30

grams iii onelunce.)

41. With some estimate for the percentage of salt in perspiration, try to

estimate how much loss of fluid through swea ing would lead to a danger-
,

ous loss of salt. Use either your own weig t or that of an average male

(about 150 pounds) as a reference. (Maybe one of your science teachers

can help you find out how much salt there is in perspiration.)

42 On the TV show Emergency, the paramedics handling an injury or heart

attack are nearly always told to "Start I.V. ." (I.V. means "intra-

venous.") An I.V. puts fluid (usually saline--salty) directly into the

blood stream. What might this have to do with the above discussion of

dangerous fluid and salt losses? ,

43. Lather and Health tells us that 78% of-our air at the earth's surface

(by volume) is nitrogen (N2) and that 21% is'oxygen (02). Most animal

life processes depend on oxygen. It is thought that very early in the

life of the earth there may have been little pr no oxygen in the air and

that the presence of plants on the earth brought oxygen into the atmos-

phere. (As you may know, plants use carbon dioxide and give off oxygen

as a waste product, while animals use oxygen and throw off carbon dioxide

as a waste product.) Ozone has its highest concentration at an altitude

of about 15 miles and is very important to life but when it forms near

the earth's surface in smog it's highly irritating to our mucous membranes.

Atomic weights are defined as very small wilts by which a hydrogen atom

weighs about 1 and a carbon atom weighs 12. With this unit an atom of

oxygen weighs about 16 (hence an 0, molecUe'weighs about 32) and an

atom if nitrogen weighs about 14 (so an N2 molecule weighs about 28).

With thiTInformation figure or+ the proportions of nitrogen and oxygen

1%
.5

in air bi weight instead of by volume, ignoring the 1p of other consti-
/

tuents of air.

44. What would be the atomic weight of an atom of H2O (water)?
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45. Oxygen and nitrogen are valuable gasses that are frequently packaged in

tanks and sold for various uses. 'It is clear from their abundance in air

that it might very well be economically profitable to separate ordinary

air into its components and thus extract the nitrogen and oxygen for

bottling and sale. Indeed this is the case. Is it likely that this

would be an economical way to get-a supply of carbon dioxide? Carbon

diolide is used in making soft drinks (it gives suchhdrinks the fizz)

and in manufacturing "dry ice." Try to findoutthow carbon dioxide is'

manufactured for commercial use. It is possiblekto-make fruit juice or

flavdred water into carbonated soft drinks by dropping in a piece of dry

ice and letting it "melt" into carbon dioxide gas, at the same time cool:-

ing the drink. Find out at what temperature thee change from solid "dry

ice" to carbon dioxide gas takes place. (In using dry ice in this or any

other way, certain cautions about its handling are in orderfind-out

what they are before you do anything with dry ice.)

46. Maple sugar is made mostly from mature maple trees perhaps 100 years-old,

`perhaps 70 feet tall with diameters at the base of 2 to 4 feet. The sap

collected from the trees is about 97% water and 3% maple sugar (mostly

yuccrose). According to 1001 Questions Answered About Trees, the average

yield of maple sugar per tree is. about 2 or 3 pounds per season, with

very fine trees in an exceptional year yielding perhaps 5 or 6 pounds of

sugar. About how many gallons of sap must be collected from a tree for

a 3 pound yield of sugar? (Hint:. First get the answer in pounds of sap

aqd then using "a pint a pound:' .convert it to gallons of sap.).

47. A newspaper report on sugarin' says that it takes a barrel of sap to

gallona gallon of maple syrup. Is this consistent with the above

information?

48. Maple syrup is produced when most of the water is boiled out of the sap.

Further cooking then yields the sugar. The yield of syrup is just slight-

ly higher than the yield of .sugar because there is very little water in

the syrup form of the sugar. Supposing a tree could yield 4 pints

(pounds) of syrup in a seaLn, how many trees would you need toproduce
1

one 7arin of syrup per season? At one Indiana maple grove, genuine

maple syrup sf:lls for $10. per gallon. At this rate, how many trees

would -you need for a reason ble income?

49. In a grove of sugar maples visited by the author the average distance

from tree to tree is about 25 feet. For such a grove, find out about

how many acres of ground it would take to accomodate the number of mature
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treestou got As your answer to the previous problem.

50. The samr:e cited talks 'only about maple sugar and is not very clear about

that percent of the sap can be turned _into syrup. See if you *can get

some mare accurate information on this point. One indication might be

that the'same farm that sold pure maple syrup at 410.50 per gallon and

42.25 per pint, sold maple_sugar at $1 25 per half-pound. From this,

What woulA. you suppose about the relative lds of.syrup and sugar?

51. Here is some information from 1001 e estions newered About Trees about

the commercial uses timber from our forests an from "tree farms":

saw logs, primarily for various kinds of constructi n, use up 68%; pulp-

waodAnd pitprops (the latter used in mining) about 23%; other industrial

uses.about 8%. Of the pulpwood, 95% goes into paper and paperboard, the

rest into plastics, cellophane, and rayon. Of the 95% that goes to paper

and paperboard 51% is paperboard arl3 49% paper. Half the paperboard is

used for corrugated cardboard; about 30% for boxes of cardboard other

than of corrugated cardboard; 10% for building board or various sorts;

and 10% r all other uses. The 8% that goes into "other industrial

uses" most)* goes into poles, piling, and posts. For example, three

million telephone poles are used each year, and pilings for docks, piers,

highway and railway bridges takes an immense number of trees. Masts of

boats take many trees but many fewer than they used to. Using this in-

formation along with whatever other information that you can dig up, ask
,

at least 5 interesting questions. For example, what percent of the total

use of wood goes to paper, assuming that most of that.listed as "pulp-

wood and pitprops" is in fact pulpwood?

:52, ,The same sGurce e-timates that fences in the United 3tates use 600,000,000

posts a year along 15,000.000 miles of fencing. ,Consider the ited

States as rou y a rectangle about 2500 miles Long and 1000 miles wide

and see if 15, 0,000 miles of fencing seems asonable. (For example,

if all over the whole country every square mile was fenced bow many miles

of fencing would this amount to?) If the estimates given are more or

less correct, about how many posts per mile on fencing are used each

year?

53. P. T. Barnum (1810-1891) is supposed to have said that "There is a sucker

Horn every minute." How many per year it this? Assuming'that he is

talking about-the United States and assuming that the rate has not changed,

what percent of the 3,718,000 live births in the United States in 1970

(census bureau statistics) were born suckers? Lo you think Barnum made
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a reasonable estimate? What percent of the people that you know would

you consider, gullible enough to fall for a not too obvious fraud or

deception? (Who was P. T. BarnUm anyway? Do you suppose the remark\yas

made in his professional capacity?)

54. The 1902 Sears Roebuck catalog has recently been reprinted. If you can

find it (perhaps in your library), make some price comparisond' with-a

recent catalog. What proportion of items in 1902 Seazts Roebuck Catalogue

would still be ordered if listed in the most recent catalog (for actual

use, not as an antique or curiosity)? (You will probably want to formu-

late some way of sampling the catalog rather than doing every page, or

else share the work with others.),

2.3 Numerical Information Combined by Calculation into New Information

We have seen that pairs or triples of numbers play a role in various

coordinate systems, in a number of ratio situations and in tables and graphs.

It is also very common for two; three, or more numbers to be combined tcSether

by ordinary arithmetic operations to solve everyday life problems. This sec-

tion will contain a variety of these. You should be on the lookout for dif-

ferent categories of uses; e.g., use in occupations, in one's daily lives, in

information acquisition for particular interests, in making social and political

decisions, and so on.

Problem Set 2.3

1. The Boeing 747 is the largest commerotal airliner flying as of 1971.

According to the informationlgiven by the pilot of a recent trip between

Chicago and Los Angeles, the plane carries a maximum of 450 passengers;

it has a four - person flight crew and a fourteen-person passenger service

crew (incltding two securyy people to prevent highjacking and other in-

cidents); it costs about 1000 dollars for fuel for the trip from Chicago

to Los Angeles, with 300 gallons of. ruel used just for the take-of:. The

fare one way frnm Chicago to Los Angelus is about 4110. C6nsidering just

the wages of the c.ew and other on -board employees plus the cost for

fuel, make an estimate of the cost of flying the plane from Chicago to

.Los Angeles. Hoy many passengers wov] it have to carry in order to

"break even? (I'm not sure whether the' Chicago -Los Angeles trip cot.its

as a full day or a half day of work forcrew members; yvu will need to

get information on this and on pay rates for such employees.)

2. Try to list other services directly chargeable to a flight such as the
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747 flight from Chicago to Los Angeles; for example, ticket agents, bag-

gage handlers, food service getting the meals ready and into the airplane,

refueling and other servicing of the airplane, and so on. It is reason-

able to suppose that each person so involved costs the airline from 45 to

410,per hour for his services, inclug fringe benefits and,use of the

various kinds of equipment. Add this to the cost of the flight and find

a new "break even" passenger load level.

A Boeing 747 costs about twenty-three million dollars, which is often

borrowed by the airline at about a 6% annual interest rate. How much

interest is this per year? How much, per day? If the 747 makes 3 such

trips per day, allocate the daily interest costs and see how many passen-,

gars are necessary per Chicago-Los Angeles flight to pay this cost.

4. A 747 has a wing span of about 196 feet and a length of about 231 feet.

Compare these figures to the length of the airplane first flown by the

Wright brothers and how far it flew on the first manned, power flight.

5. The 747's cruising speed is about 95 miles per hour. The still experi..-

mental supersonic transports TU 141, (Soviet) and Concorde (French-English)

are scheduled to cruise at about 1500 miles per hour and carry about 120

passengers. Strictly on the basis of flight time and passengers carried

(not including ground time and assuming full loads in all cases) which

would be the most efficient, passenger carriers, a 747 or one of the super-

sonic jets? What mt t "most efficient" mean in this case?

6. "Since a high proportion of automobile drivers in fatal crashes (44% to

60%) have been found to have enough ticohol in their blood to significant-

IFIMpair tneir driving ability... i+ seems that if a significant pro-

portion of motorists could be prevented from driving while intoxicated

the rate of fatal auto-accidents might be reduded considerably. In Great

Britain,...[with] an enforcement program utilizing the breath analyzer...

fatalities in auto accidentsduring the following year decreased by 15%,

serious injuries decreased by 111, and total auto accidents decwased by

10%." (From "Technological 'Shortcuts' to Social Change.")

Consider this statement and the table given just below and answer

the questions following the table.
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° MOTOR VEHICLE AC=

NUMBER AND DEATHS BY TYPE OF

ITEM 1950

CIDENT

Motor vehicle accidents

:Accidents per 10,000 vehicles

Traffic deaths total

From noncollision accidents

From collision accidents:

With other motor vehicles

With pedestrians

With other vehicles or objects

Traffic death rates:

Per 100,006 population
. -

Per 10,000 mdtor. vehicles

Per 100 million vehicle miles

-v.

8,3004000

1,t88
i

34,763

10,600

11,650

9,000

3,490

23.0

7.1

7.6

1960 1970

(Preliminary)

-3.0,400,000 16,4o0,000

1,397 1,471

38,137 : 55,300

11,900 15,700*

s.

14,800 23,200

77,850 .9,9oor

3,610 6,5oo*

21.2 27.1
5.1

5.3

5.o ;

5.0

*Not comparable with earlier years.
(Adapted from The American Almanac (for 1972), page 540; original data from

the National Safety Council.)

_

a. How;inig4Cone account for the wide range of estimates (44% to 60%)

about percent of intoxicated drivers in fatal crashes? Using the

low and the high figures give the range of number of auto accident

deaths for 1970 that might be blamed on intoxicated drivers. ("Fatal

crashes probably means collisions with vehicles or fixed objects so

you may need to exclude "collisions" with pedestrians. What propor-

tion of the toad auto deaths come from "crashes" rather than pedes-

trian or non-collision accidents?)

b. The first year experience of Great Britain as reported above didn't

quite hold up; in the second year there was a 10% reduction in fatal-

ities, 9% in injuries, 10% in total accidents. If it were possible

by controlling drunk drivers to reduce the death, injury, and accident

rate by 10% in automobile "crashes" how many lives might be saved

annually in the United States? .

c. A U.S. Department of Transportation study indicates that the average

"economic loss per fatality" in automobile accidents (including loss

of future earnings of those killed) is about 490,000 now and will

probably rise to about 411'6,000. Taking 410,000 as the estimated

average loss, make an estimate of the total dollar loss from autamo-
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bile fqtalities in 1970. Now make an estimate of the total dollar

loss from those deaths in which intoxicated drivers are presumably

involved.
1

o

d. In Chapter 1 we asked some questions about death rates in various

"plaguez"--influenza, "black death," and wars, for example. Look at

the traffic death rates given in the table; convert these to whatever

standard you were using in the earlier problems; and comment on the

seriousness of the "plague" of automobile deaths.

e. Notice from the table that while the traffic death rate per 100,000

population has increased from 1950 to 1970, the rate per 10,009 motor

vehicles and per 100,000,000 vehicle miles has actually decreased, : .-
(

Wet inferences could you draw from that? .

f. Note that the rates per 10,000 motor vehicles and per 100,000,000

vehicle miles are almost the same all of the way across the table.

Can you make any inferences from that fact?

g. Look in the table at the "accidents per 10,000 vehicles" in 1970 and

estimate the diance that'll given vehicle in a given year would have

an accident. Ask one of your parents how much the "collision" pro-__

vision in their automobilefinsurance costs them and how much it might

cost to repair the automobile if it were involved in an accident.

Keeping in mind that insurance rates are based on just such informs-
.

tion about total population and not merely about your parents (who

may be safer drivers than most) comment on whether the insurance

premium your par4elts pay is "fair." .Remember that insurance rates

are often relatively higher in same places with high accident risks- -

large cities, for exampl4;)

h. In some of the problems above you may have :,und it -onvenient to use

"powers of ten notation" In doing your ?alculation. I-or example, in

problem c, above you could have expressed the average loss, as

41 x 105 (4100,000), the number of deaths as 5.5 x 10" '5;;000) and

hence the annual loss as 45.5 x 109 billion or 35,500o00,0o0).

This is especially useful when you need tc make reasonable estimates

using very large or very small figures. Using the table below about

the U.S. budget and statistics such as the number of people in the

United States or inyour city, ask and lnswer store interesting ques-

tions about the relative allocation of funds by the Federal govern-
/.

ment, increases in the budget from 1)6C to 1971, costs per citizen

0.
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of various budget items, and so-on. (The table is adapted from The

American Almanac, 1972.) -

FEDERAL BUDGET

112tEIPTS AND:OUTLAYS FOR 1960, 1965, 1971

In millions of dollars for years ending June 30.

Total Receipts

. Source of Receipts

Individual income taxes

CorporatiOn income taxes

Social insurance trust funds

Excise taxes

Estate and gift taxes

tom duties

MisZellaneous receipts

-k

1960

92,492

40,741

21,434

14,683

11,676

1,606

1,10?

1,187

1965 1971
(est.)

116,833 194,193

48,792 86,300

25,461 3o-,105.

48,973

14,570 16,800

2,716 3,730

1,442 2,496

1,594 3,800

Total Out s

Fundtion of Outlays

92,223 .118,430 212,755

National defence 45,908 s 49,578

,

76,443

443iInternational afirs and finance 3,054 4,340

Space research and technology 431 5,001 3,308

Agriculture and agricultural resources 3,322 4,807 5,262

Natural resources 1,019 2,003 2,636
4

Commerce and transportation '4,774 7,364 is 11,442

Community development and hosirg 971 298' 3,858

Education and manpower. 1,286 2,533 8,300

Health
Z.:??.._

1,730 14,923_-

Income security 17,977. 25,453 55,54ir

Veterans benefits and services- 5,426 5,722 9,969

Interest 8,299 10,357 19,433

General government 1,327r 2,210 4;381

Pay increase and,contingencies (x) (x) 800

44
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7. Sometimes calculations with exponents are useful directly. For example,

a power raised to a power such as (10
2

)

3
means 102'x 10 2 x 10

2
or 10

6
;

In general, in such cases one multiplies exponents. Here are sours ex-

amples-based on information from Mathematics in Everyday Things about a

transatlantic communications cable that stretches about 2,250 miles from.

Newfoundland to Scotland.

a. Distributed approximately evenly along the cable's length arc 51

electronic amplifiers which keep the messages at a level high enough

tobe detected at tlkother end. About how far apart are the ampli-

fiers?
#

b. Each amplifier increases-the signals by a factor of about a million

(10
6
). Hence the total amplification to compensate for losses would

be a multiplied by itz>elf 51 times, which would mean (10
6

)

51
.

4

What would be the total ampilfication be, as ten to some power?

,(Phis is, of course, an enormous number. It has been said that the

number of atoms in the entire observable universe probably does not

exceed 11'85.)

c. Try to find ether instances where very large numbers are involved In

a mathematical model, a description of a situation, or as the result

of cal. uintTons. findsome very small numbers that result

from oalculations -r des:'riptions. or starters you might try the

9 3uiness kook of World ne-ords or the Lore of LargeCalthers, both of .

which are probably in your library.)

8. The -..dd Book 3f Letanotes -nat small amounts of wear from friction can

have large effe-t's; for example, .ust a pound or two of material removed

from a large 'ruck b" ).ear can -onsirn tne truck t, the scrap heap.

_ a. Suppose a truck we:ghing file tens is made unusable by loss of one

pound -f metal by wear on its baling parts. What percent of the

weight is nis one pound

b. Suppose the truck has eight cylinders in its engine, each with a
4

diameter -)f four inches and a length of inches. What is the total

surfa-e area of the ,Minders': Suppose the surface of each cylinder

has .,27, inches rern'.ed from it by wear 'about as much as the thick-

ness of five pages this hpok). About what volume of metal is

lost? if tne engine bloc% is made of cast steel weighing about 4)0

pounds per -ubi- foot '.?8 pounds per cubic inch), what is the weight

of the metal lost: . inches of cylinder wear would be more than



enough to make an engine need overhaul, and in some cases would make

an engine unusable.):. One way-to get a picture of whilt is going on

here is to cons..tde,,.-.,th0,a number 21 can of food (pumpkin, tOmatoes)
.- 2

just about represents the wearing surface of a cylinder in a fairly

large engine. being so, you can estimate about how many can

thicknesses are equivalent to the 'wear in this problem and get an

estimate of metal loss in that way.

c. Bearing surfaces and gears are particularly important to the function-

ing of cars, trucks, and other machinery. Pick some piece of machin-

ery or equipment ,perhaps a motor in a household appliance) and try

to identify the places where a small loss of material by friction

would make a large difference in how well things function.

d. Suppose in draining the oil from the engine crankcase or from the

transmission or differential of his car your father

nandful of metal chips or a small\quantity of

,accumulated. Even if it were just a few\ounces, do

foUnd that a

metal dust had

you suppose he

would be worried? Suppose the accumulatjon were 2 ounces; what part

of the weight of your father's car would that be? What percent? Do

you suppose he would take comfort from the facts you would present

him showing that the lost metal was only a very small part of the

car?

9. On page -9 of the American Almanac we learn that of L.S. residents 14

years of age or older about 4`1 of the men and 30% of the women presently

smoke cigarettes; about 33% of the men and 60% of the women have, never

smoked; about 23% of the men and 8% of the »omen have quit smoking. (For

about 2% their status is %nknown.") The total popkation covered is

about 6c million men and about 68.5 million women. Find out from this

information how many smokers, former smokers, and nonsmokers there are

in these populations.

10. tOnpage 3c8 of the American Almanac we learn that in 1968 about 9.8

billion dollars were spent on tobacco; about how much is this per smoker

per year

10

1
11. It is variously estimated that -- to -- of those who drink alcoholic

20 -----

beverages in the United States are "alcoholics" or "problem drinkers."

Why is there such a range in the estimates? What would be the problems

in making sur.h estimates See if ',D;; pan find in som,. source enough

-information tc make an estimate yourself.



12. A Chicago newspaper reports as follows: "Of the nearly three million

industrially employed persons in the Chicago metropolitan area, we es-
.

timate that more than 171,000 are alcoholics, said the president of. the

Kemper insurance group." What percentage does that represent? The same

article says that the national average Is about 5.3% of the industrial

force and urges that management help rather than fire such employees, if

\ only because "it costs more than 4,000 to get an employee processed and

on the payroll." Make up and answer-some questions based on this infor-

thation.
N

13. Thkopeed of light in a vacua is said-to be, by the most accurate current

available measurement; about 186,272 miles per second. How many miles'

per hour is this, approximately? nstances to stars are measured in light

years, where one light year is the distance light can travel in one.4.ear.

About how far would this be? Here's a place where rounding off and

tying powers of ten notation would probably be very helpful in getting a

good estininte.)

14. Traveling at the speed of light, about how many times could one go arOlnd

the world (say at the equator') in one second?

15. The speed of sound through air is said to be about 1,100 feet per second.

What pare of a mile approximately) is 1,100 fret and hence, what is the

speed of sound in miles per secOnd? in miles per hour? Traveling at

the speed of sound,how long would it take to go around the world at the

` equator?

16. One of the fastest experimental aircrafts g-,es a' a speed cf about 2,500

miles per hour. A' that speed about h :w 1,-,ne would it take to go around

the world at t'e equator:

17. Manned space s,apsules can travel, at about 19, miles per hour. How

long would it take at that speed to go ai.ound the world, assuming you

were traveling at the earth's surface and at the equator

18. Since the radius cf the earth is abut C 4les 'diameter, then is

about 8, miles, the -ircumferenc.e at the equator is about 2',,000 miles.

Suppose you were in a manned satellite in an orbit 1 C miles above the

earth's surface. H:w 'loch would that increase the distance ou would

travel in goina "around the world": 'sing your new figure; how long

would it take the satellite -- go around the world?

19. It is astonishing tc reflect that until he invention f the automobile

late in the last century man's maximum tra:Pling speed was probably.under

1



30 miles per hour, a' his usual speed, say by horse and buggy, was Prob-
.

ably 5 to 10 miles per hour. What consequences might that have had in

the early history of this country in the living patterns and tastes of

people, the placement of towns and cities, and soon? Each subsequent

invention (automobile, jet airplane, rocket) represents about an order

of magnitude (tenfold) change in the speed that one could go. What were

the consequences of each such advance in changtng our world? Do order, of

magnitude changes such as these merely change how fast one can get from

one place to another or are the changes more far-reachiLg?

22. Here is a problem formulat'd while helping with a tedious task last

sumter: 3eneral Foods sells 2 brands of pectin for,use in making jams

and jellies from f-esh fruit the pectin makes the jam or jelly "jell.")

Suppose Certo sells for per bottle; Sure Jell for $.20 per box.

Here are their respective recipes for Plueberry Jam:

'7'erto Recipe

Crush fruit. Add 2 tablespoons lemon juice to 1e2 cups crushed

fruit... Add cups 3 pounds; sugar and 1 bottle Certo. Cook, etc,

Yield: 12 medium oelly glasses.

Sure Recipe

-rr.sh fully ripe fruit. Add 2 tablespoons lemon juice to four

cups 2 pcundc of crushed fruit, add 1 box Sure and bring

tc nard boil. Add four cups '1; pounds) sugar. Cook, etc.

Yield: t medium .elly glasses:,

r'onsidering the higher cost and higher yield of ti,e C..rto recipe, decide

which product a housewife should use if the Blueberries cost her $.20 per
. ,

pound and sugar is 41.^r. f:r 1, pounds. Should a difference in the cost

of fruit change her decision: If no, what is the break even point i.e.,

the price cf fruit at which it .could make no difference which recipe is

used''in cost per unit of What about the price of sugar? If fruit

were scar, whict recipe would you prefen? "We assume here that the

taste and quality f tha end products are equivalent but this'm not be

21. A travel t?-c-nure tells me that 'aracas, ':enezucla, is about 5,000 feet

above sea level 'n the slope of a mountain that rises abruptly from the

waterline to 9, '',s crowiflies," the distance from Caracas

to the wa'erline is 1 miles. If there were a road of about cori9ant

slope from the waterline up to the city in a straight line, what would

5 8



the slope of the road be? Express the slope in number of feet rise per

100 feet, which is easily - converted to percent slope. As a matter of

fact, the actual distance by road is about 50 miles; it the road has a

constant slope (which it.probably does not), how steep a road is this?

(You nay be interested to know,that the maximum grade for a railroad is

about a 2% slope; automobile roads are frequently steeper than tfi is, but

seldom as much as 10%. For a grade as steep as 10% an.automobile would

have to shift out of high gear into a lower gear.)

Death from Heroin

Early this spring, Joseph W. Spelman, chief medical exaMinerof the city

of Philadelphia, addressed medical colleagues on the topic of sudden death fr6m

heroin. To a shocked audience he showed photograph after photograph of viLtims

with needles remaining in their veins who had died after self-administration

of drugs.

In New York City, among the estimated 100,000 heroin addicts, more than

900 fatalities due to drugs occurred in 1969. In that city, for the age group

15 to 35, drug-abuse is now the leading cause of death. According to Michael

M. Baden," deputy chief medical examiner, the majority of fatalities are due

to an acute reaction to the intravenous injection of a mixture containing

heroin. The mechanisms involved in the deaths are not clearly established:

overdosage has been sr gested by some investigators; others speak of an aller-

gic reaction. A stave; of practices attending the production, distribution,

and usage of herc&leave.s ore amazed that the death rate is not higher. The

method of illicitly extracting morphine from opium is crude. The impure mor-

phine is subsequently acetylated to heroin, in seore,', laboratories, mainly in

France. 4Purity cf.the product is the 4tArder of 90 percent. Subseqigintly,

the heroin passes through a complex distri:pUtion system and is adulterated

repeatedly in unsterile condition; with a va'riety of additives, including

quinine, mannitol, and other white powders.

The Office of the Chief Medical Examiner of New York City. analyzed 132

street samples o' :.rugs, all cf which supposedly contained heroin. They found

that 12 samples contained np heroin at all, and among the remainder the con-

centration of the drug ranged from less than 1 to 77 percent. Variability in

the amount of the drug could be responsible for many fatalitieg A user ac-

customed to'a low concentration is likely to die from an inTection of almost

pure heroin.

'Hard core,addicts subject themselves to more than 1000 intravenous
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injection's each year, and they are thus exposed repeatedly to possible

antigens in the crude heroin or in its adulterants. In addition, the

repeated use of unsterile drugs, unsterile equipment, and unsterile technique

leads inevitably to human wreckage. In a description of the major medical

complications of heroin addiction,* Donald B. Louria and his colleagues,have

identified the most common medical problem as liver'damage arising from hep-

atitis. Other ors that are particularly subject to attack include the

heart and lungs. Infection of the heart, though not so frequent as hepatitis,

is more often fatal.

Drug abuse, ,thich was once predominantly a'disease of Harlem, is now a

plague that is spreading to the suburbs. Drug use has been glamorized, while

descriptions of the dreadful consequences have been muted. Parents and educe-

tors must inform the young of the corpses and of the physical wreckage. Des-

,

pite warnings, adventurous youth will sample the illicit--and maay will be

hooked. The numper of addicts is already estimated at 20C;000,1and theaannual

cost of 'their drugs at 45 billion. With so much at stake in fives and in

.money, the nation should increase its efforts to curtail drug abuse and to

find better ways to rehabilitate addicts. Two'relatively new methods seem

promising. C,ne is the use of methadae.** A second approach 1s a psychiatric

one, which emphasizes attitudinal changes and utilizes ex-addicts to give

emotional support to addicts who wish ,to stop. Determine(' and imaginative

effort mig, well disclose even better methods. This nation should provide

the necessary funds to move vigorously against a spreading plague.

-4

22. For this and the next problem refer to the accompanying editorial re-

printed from science.' f"Death from Heroin," Abelson, P. H., Science,

Volume 168 12 ,''une ]i)) 1298. Copyright 1970 by the American Associa7

tion for the Advancement of Science; reprinted by permission.)

If the figures given in the editorial are correct, what is the an-

nual average cost per, addict for drugs? What is the death rate among

addicts in New Irk'Cityr: Ask some ther questions based on the infor-

mation given in e editorial.

' 23. Acc(.rding to the American Almanac the number of active drug addicts at

the end of 196.9 that had been reported to the U.S. Bureau /of Narcotics

and Lange ous Irugs by police or hospitals was 64,915, includilg 15,000

newly reported within the previoa- year. How do you account for the

difference in these statistics and those given 4n the Science editorial?

*.D: B. Louria, T. Hensle, Rose, Ann. Intern. Med. 67, 1 (1967).1.-

Walsh, "Methadone and hercin addiction: rehabilitation without a 'cure","

Science 168, 684 '19r").
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Chapter III

THE ROLE OF "MEASURE" IN APPLICATIONS.,

Measures Everywhere

"Measure" (verb) is a very general concept a d "measures" (noun) play a

role in many different situations. To measure som0.hing.1-s- to assign a number

,1 (its measure) to4t. An example is when we assign a we
\

ight to each head of

lettuce in a store. We are measuring the lettuce; i is its 'weight.

Usually we make certain standard requirements of mea res; or example, they

are usually non-negative numbers (weight is usually not negat ve) and we usual-
.

ly want t1e measure of two objects together to be the spm of th measures of

each one alone (twopheads of lettuce weighing 2.1 and 1.7 pounds hould to-

gether weigh 3.8 pounds). Frequently we get measures directly wit 'some sort

Of instrument, such as a weighi g scale for the lettuce or a tape me re to

assign a length and width to a rdQn. Some measures are derived from other

measures, as when we find the area ofra room by multiplying together its length

and width measures. Cften we use functions and formulas to produce measure*

indirectly from other measures that can be easily or di &'ectly obtained; for

example, the formula S = la
2
tells us how far something has fallen by measur-

ing a time.

There are . rare uses of measure than we usually thik of. For example,

while sittinv in a rece/A conference I began a list of measurements that may

have been c- ,sidered in making the hotel conference room available. A wise

..anner would have begun by getting a measure cf how necessary and how prof-

itableitable that type of facility would be bet re beginning to build it. The

measuremen:4 that then went into architectural planning, construction bids,

and the actual construr'.un were very numerous. The room was air coflditioned;

many measures would te _quired to make t extra comfoit'available. Furn-

ishing the room inv lves measures of ious profitable uses of the room, ec-

onomical maintenance, and, f ,rse, measures involved in manufacturing and

installing the furnishings t:iemselves. -nce the room is completed and furnish-

ed, there are several ways to erp-ess its measures: floor area, volume, seat-

ing .capacity for people listening to a spe%,er, seating capacity forOanquet

use, seating capacity for a group wing inference table, rates to'be charged

for various uses during various se,s,:n.. f tht 'ear, and so on. Close examin-
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ation of ilmost any situation will yield a.limUhrly varied list of measure

considerations.

Problem Set 3.1

1. Consider yourself and your present school situation and list as many

applicable measures as you can. Start with direct measures that apply

I, .to you (e.g., height, weight, clothing sizes, etc.). Next, what measures

are in your counseling file at school? Ndw move out to measures applic-

able to the people in your class and to the whole student body. Next,

O' think about the initial planning of the school buildings you meet in,

their ccnstruction, and the maintenance. Next consider the measures

..----)Pthat apply to the financing of ur e9cation, and to possible ways of

measuring the "yield" on this investment in your education.

'2. Once you have sach a\4st, look it over and note the items in the list
- .

for which it is useful to think in terms of "maximizing" or "minimizing"

something.

3. Look at a box of dry breakfast cereal and do some "cereal box arithmetic."

For example, these boxes usually have statements of the nutritional con-

tent of the cereal--a certain amount of minerals and vitamins or a cer-

tain percentage of the "minimum daily requirement" (MDR) in each serving.

Try to find out how MDR's are defined. Determine how "a serving" is

defined; measure it but and see.if this is a normal serving in your

household. See if the nutritional content is given forthe cereal itself

or the cereal with milk, sugar,'and fruit--obviously it would make a dif-

ferent.e. 'I have the impression that such things used to be stated for

cereal with milk, but that - regulations now require nutritional content of

the cereal alone.) Current government regulations now require that when

the contents of foods are listed, the ingredient that forms the highest

proportion must he listed first; if the ingredients in this cereal are

listed, check out what it is-composed of most, second most, and so on.

If you have severell kinds of cereals, do some price-per-unit comparisons

among them, such as cost per ounce of cereal, or cost per.mg (milligram)

of vitamin B
6.

If there are premium Offers on the box (for exantle, toys

forboxtops r for boxtops and money), see if accurate information about

the site of the things offered;is given. I recall one offer which showed

plastic basketballs and footballs which locked large in the pictUre, bat

the small print revealed they were only a couple of inches in diamet(!r,

hence probably not of much use as toys.
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. It is frequently the oase that measures are defined in such a gay that

the5rcan be added; that is, when two things are combined the total meas-

ure is the sum of the measures of the things that are combined. A way

of expressing that is to say that mi +
m2 *total' 'List some everyday

measure situations where things are combinedlor put together and see in

Which ones this "additive" property is true and in whicones it is not.

5. Here is a situation whee m
1
+ m

2
= m

total
does not seem to hold: "To

convert Star br:md instant powdered milk into one quart of milk, add 13

cups of dry milk to one quart of water." List some other everyday sit-

uations where measures "don't add up."

6.1. This same package of powdered milk gives us alternate instructions: "By
1

weighty use 3,2 Ounces of powder to one quart of water." Weights such

as this really should "add up," hence if a quart of water weighs 32 ounces

(a pint weighs about a pound) what should this."quart" of milk weigh?

Does that mean that we will'really have more than a quart or does a

quart of milk weigh that much more than a quart of water?

7. In order to assign numbers to objects or to situations, one must settle

on some sort of unit in which to express the measure. For example, what
. to,

units might be used in measuring the thicknes'h of a page in yoUr book or

the size of a small object on your, desk? In what units yoeld you measure

your desk? The 1pngthor w' th of your classroom? The distance you

walked to school this morni The distance traveled in an automobile

-trip? Distance to the moon? Distance to.a star?, Diameter of the uni-

verse? Make up a similar problem that starts with measure in very small

units and ends up with quite large units.

8.: Once a unit is decided off, anything at a given moment should have an

exact measure; for example, a pencil can't be both six inches long and

seven inches long atthe same time. In practice, however, it is not

possible to say exactly what the measure is; for example, two people

might give 6.14 inches and 6.15 inches as measures of the SMItie pencil.

Think about and discuss with others in the class or with friends or family

what some of the practical biers are to the "unique" assignment bf

numbers to things. Whip of these-are due to human errors? Per which

does accuracy depend
1
.7;

4
the instr rnent used for measurement? Are there

any theoretical reasons why it weld be impossible to assign a "unique

number" to each object? If you are familiar with the distincti.)n be-

tween "real" and "rational" numbers; what would be the problem in assign-

ing a number if the "actual" measure were an irrational number? Can you



think of situations where the meas.4e would be an irrational number?
/

Ignore ,this parenthetical question if you haven't yet covered such mate-

rial in your mdthematical experience.)

9. Can you list any situations where the 'cry act of measuring might change

the measure? (If you are interested in science or philosop, you might

find Heisenberg's "uncertainty principle" interesting in this Connection.)

3.2 Measures and Conversion4 s for Length

Measure of iuugth probably appeared fairly early in human history and was

probably based on things familiar to the people involved. Just as many early

numeral systems are based on 10, probably because man has ten fingers, many

early measure systems were based on body parts. This is the origin of such

words d "foot," "digit," "span," and "hand," each of which names measuring

units. Eventually, of course, these measures had to be standardized in some

way and conversions within a given country's measure system establishedrience,

for example, in the English system a foot was defined as 12 inches and a yard

defined as 3 feet. in days when communications between groups of people was

not nearly so good as it is now, every group of people isolated by distance or

mountains or other barriers from other groups might very well have a different

measure system. Also, in.rpodern times, new and more convenient systems have

been invented and are used side by side with the traditiOrr s stems. Hence,

in addition to conversions within a given system, it is neces ary to establish

standard cynversions between different systems. It is convenient to think of

these conversions as "conversion functions "; with one measure as "einptit" and

anyther as "output." For example, f = 3Y defines the conversion from yards to

feet. 1

Problem Set 3.2

(Much of the information in this set comes from Realm of Measure.)

1. The origin of some of our common measures gives us a good way to approx-

imate various things. For example, the picture on the following page
r

shows some common measures based on dimensions of the human body. The

yard as the distance from the tip of the nose to the tips of the fingers

was often used in tores for measuring cloth. With a string or towel or

length of cloth 1-something, see how long this is with a number of

people, both classmates your own age, children younger than you, and

adpa-ts. Drew some conclusions about how often suc" a wa of measuring

clot's old come pretty close to giving a stand d yard among people who
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0.-A01.1 igprown. While you are at it, draw some conclusions about growth .

,:Patternm;',for example, is the "yard" of an 8 year old about half as long

ai thMt of a 16 year old?- How about a "yard" for a 1 or 2 year old

*10 Ask Some other interesting questions along this line and try to

aniiier theM.

Foot

>1

2, The span from the end of the thumb to the end of the little finger in an

outstretched hand is a very useful way to measure things. Standardize

your own span oy finding out about how long it is, then use it in meas-

uring some things. Do some comparisons,of your span with that of other

people. (According to the Random House Dictionary, a span is usually

taken to be 9 inches.)

3. The cubit (from elbow to finger tips) is about 7 yard--the dictionary

says it has been variously standardized from 17 to 21 inches. Find some

references to "cubit" in the Bible or other works of literature and con-

vert the cubit reference into terms more familiar to you. Find out what

your own "cubit" is.

46 A fathom is from finger tip to finger tip of tLe outstretched arms and

is said to be derived from an. Anglo-Saxon word meaning "embrace." Are
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there other uses, of the word "fathom" that are independent of measure,

but do suggest "embrace": The depth cf water is often measNelin fath-

oms, perhaps because a "leadsman" on a boat' or ship in the days before

elect:onio depth finders wouid7drop a weight oh. the end of a rope until

it hit bottomeand then count. the number of finger tip to finger tip meas-

ures as he gathered in the line. A whole vocabulary was built up around

taking depths f. r navIgational purposes in shallow waters ("by the deep,

six"; "mark three"; "marl( twain "). Try to find a reference that tells

you something about this v,.cabulary and what it meant to the sailors in

the days before modern instruments.

A fathom has c,cen standardized at 6 feet (, yards); why would you expect

this, gl:en the diagram ,f body measurements above: Look on a map that

shows water depth ksay fol. a coastal region). Find out if the depths'

are given in fathoms or some .they measure, and if they are given in

fathoms, find the maximum depth in feet, first having formulated a "con-

version function" to make the conversion from fathoms to feet.

Nowadays the depth cf water is measured by a "fath -,eter" which sends

out a pulse of energy, then-records how long it takes an echo from this

pulse to return from the sea floor and be received by this instrument.

What are tte essential parts that such an instrument must have? What

tnings must be kncwr. to oonvert this echo-time measurement into a depth.

length; measurement '. '1,tht 're ir.strument require a different "calibra-

t:,n" in sal' water than. in fresh water. Might the temperature of the

water make 1 differenve.

'nits 1 lengtn to long :le measured conveniently with the body tend

to vary widely from country, at least as far as traditional

units go. :or example, where we use a mile :5280 feet), the Russians

uses "Jersi" which is about 7,:)W feet'. Verify that a verst is about

7 ,-..

1
of mile and that a.mile is aocut 17 versts. Try to find some other

mea--)res f linger listances and their origin. Find out what other

Russian cf lent7t'. ,zc, with the verst. What is the origin and use

of a .1e,gue" as I'housand Leagues '.'nder the Sea)?

6. Some spe,ial uses .LL tale special measures; for example, horses are said

mtny ":.ands" higt the hand is standardized new as 4 inches).

Estimnte 1: !, A man! hnnds higr you tl:ink an average horse is at its

shoulder, " e'K j.ur estimate aelinst some information about horses.

1
9. Ne said earlir:r trat many city sur-.-eying systems, a block is u of a

VU
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mile: (Horse ;11115g uses the "furlong," which is also
1

of a mile./%

Surveyors use a somewhat decimalized system by defining a "chain" as

1.6 of a block. Then what part.of a mile is a chain? About hoe many

feetjn a chain? How many yards? The system is further decimalized by

defining a "link" so that there are 100 links in a chain. So about4hoi

long is a link?

10. An arc in a circle is sometimes spoken of as having a degree measure.

As shown in the diagram, a number of

different actual are lengths could all

have the same degree measure. A more

accurate subdivision is made with "min-

utes of arc," with 60'minutes in each

degree. How many minutes of arc are

there'in a "quadrant" of a circle; that

is, in an arc defined by a 9A degree angle?

11. Earlier in this bock there are a number cf problems having to do with the

latitude of a location on the earth's surface. This was defined as the

degree measure of the angle from the center of the .earth between the lo-

cation and a point on the equator directly north or south of the loca-

tion. One attempt to standardize a length, by using a fast} of the world

itself, is to define a "nautical mile".as the arc length equivalent to

one minute of arc; which \as you just computed) is
'

of a quadrant of
400

the earth's surface. The length of such a qwdrent arc varies in length,

though not by-very much, depending where on earth it is located. The

standard reference usually used is the,ne going through Paris, France.

Along that line, according to the Realm of Measure, a minutescf arc is

equivalent.to about 60-6.:9" feet and this length has been defi:.ed as

International Nautical Mile.

a. The measure given above is given to thousandths of a foot why do we

still say "about" in the sentence giving the measurement

b. According tc the unabridged Random House Iictionary, the Intetnation-

al Nautical Vile is defined to be 6076.1033 feet. I'm not sure of

the reason for the discrepancy with Realm of Measure; consult some

other standard reference and see if you can resolve it. What is the

difference (in inches)'between tht two values?

c. Assume for he moment that the dictionary is "correct"; what is the

percent error in that case 'in the figure given by the Realm' of Meas-
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. 3

ore? That ib, tne liscrerancy of' feet to the "true

vaiue" of (xL'6.1- 11 and exlrers the resulting ratio as a percent.)

d. The British rour off oc '6.1..35 and define the "Admiralty

Mile" as xE1C fe'.. tni! pet,:ent "error" for that figure

compared no "!rue vat e" for a natAi,-al mile given by the dic-

tionary:

12. Both snip and air nr.,:gati n are d ne using nautical . Why do you

art\suppose ....e ,,nne,..i-T, t,e'..een minutes ,f arr and lent, h I. N!lautical

miles would be usen.:1 :m navitwi ,n. .

.

13. Tate the latitude -.' a . eis,n in t.t. :'y you live then

for some 1:+ca, :on tbla. Jon might _Ike- and find :lilt what,

1t3 Intl tudt is. ., using Ai :Tereus es :,etween co ,rdinates, bind out

N,1,/ far in raui-al miles y n sou" of the other place in

,n. :h( similar le:" for L:rg:'udes an! distance is more corn-

rli-a'ud; .ar see wl;. Is '-e-e an ens.. ;.ay of getting an arc

f " : -t,' !Ine m al-.ng a great circle between you

and "tr r1a-, is lues'i n. tni roetv-e the shortest distance in

nau' i a1 silys. : -ru , 1-str2sents i'cr this included with

71-.em; lf ve v(1. are .1:.16 !-s ro , you cculd make a sort of pro-.

'rant r ul r:. - ;1 t: ,n ' give v.-Al the measurement you

l.. ;14<s.S .';t f n 're far away from each other on the

surface -f F1 -he. u we. 1 rrettv -1.--se/estimate of the direct

line dia-anPe fr m 'he jet-iLan-e and east-west distance and

nv ..s`ng "u ,.".az re, rem. "ri 'tia with problem just above
A

and sAe .1-se "e n '/1/11 di3tan-e. Name two cities of

're w r14 '2, isle ta use the Pytha-

g. rea" 'he :ur " ,u t' eas--weL" 'ii seances to find the ilia-
%

'in-e " - : . en : irae, that the lythegorean

tn-e rr is r-n f y and Lence doesn't really apply

n -rq ^ r 1 foes wive .1-se enough' results, in mist

situ&

1".. Whit' J ,era ; J7,! apply on r. surface of

spt.ere r lie, 311 t face "lines" that, o re Tpendic-

ular ' t! sare 11:M .; 4"111 1" I' f - t 1 Ines yerpv icultir to

the ^lug' r.

16. A ccunt:, ' n91 e is very prsis--



tent over time\and is only changed with great difficulty. FOr.example,

the United States is.nearly dlc a among major countries in the world in

not using the metric sxstem inbusiness, although itis universally used °

in-science. The metric system itself was imposed only in a time of great'
4

. upheaval and with considerable difficulty during and after the French

Revolution. The committee appointed by the French Revolution intended

to make the meter a ten-millionth of a quadrant, measured from the equa-

tor to the North Pole through Paris, hence this distance would be

10,000,000 meters. Unfortunately; with more sophisticated measuring

-techniques, this quadrant was late? found to be 10,002,288.3 meters. By

the time this was found out, too much had been done with the meter to

change ,ts length and so the earth was no longer used as the standard

of measure.

a.' Rounding off the above figures to a discrepancy of about 2004 parts

in 10 million parts, what percent discrepancy is there between the

intended and true measure?

b. Why in the next to last sentence of the paragraph above should we

have said "about 10,002,288.3 meters"?

c. In 145 the International Bureau of Weights and Measures prepared a

standard meter bar out of platinum-iridium alloy, which is kept at

Severs, France, under the most exact and careful conditions possible.

wirif would such a standard be important? What would be the difficult-

ies in maintaining such a standard:

d, The British have a standard yard manufactured of bronze in 1844.

This was intended to be exactly
3 600

of a standard meter. What'is
3,937

the connection between that ratio and the "conversion factor" which

tells us that a meter is 39.37 inches? From a shrinkage of the

bronze or some other reason, a recent measure makes the British
3600

Imperial Yard equal to
, ,000

meters. The Realm of Measure says
5,957,004

1
that this amounts to a difference of about of an inch in a mile;

30.

check this.

e. The fnternationa1 Inch is said to be equal to exactly 2.5400 centi-

meters. What is the purpose of the extra zeros? According to the

Realm of xeasure this makes the standard yard equal to
3.600,000
3,937,00g

meters. Can you figure out from the information given here how the

denAminator was obtained?

f. There have been some moves recently to return to aottandard of length
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that 3epends on some invariant ixrld fact. Several suggestions have

been based .1n the fact that each color cf light has a certain wave

length and chemical elements give .:.ff charaJteristio colors when

'sheeted:- Can you see any advantages in defining length by such a

standard:

g. The wave lengths ass:,-iated,wIth odors are very short; the wave

length of cadmium red has been eeasured as equal to

Lout how many such wave lengt.s are in a

standard meter. :: y:; are iste-es'ed. -heck with your sciences

teacher 7r it some referee 1,--k 4nd see ..at the most recent think-

ing on this ques'icn raz ^eG ^u mie' also want to look into what

sorry meezurement ir._'r umerts are used to get such exact measures

of length as t:at gien tle length -f a'single wave length

cf cadmium red ligh'.

f "(ne en 'Ire ear .. .n'emwicnel Z'andard Meter Bar, were

o sr.. r exrand -he s. m' .1v, tnere by any Ay for us to de-_

tnat -hi., as hacper.:ng

18, We .lae aleady t:a.' a fat: meter measAres distance by timing
r.

echos. In mu-. the same way, but no,. With actual sound waves

and eon-s's ab-ut how rEdar works,

19. ,:n tne ld naviga':i's relied cn very accurate

-lo'%s and n'-ua'e -endings. from such instruments as fl sextant to

find 'heir 1 -1"!,:, -espe-t to the sun or certain stars at a given

time. -nev -nen .1sei ,! "ables tn neiF. them turn these measurements

into exact -4ght be interested in getting such a book in

the library ar, ephemeris, and seeing how this sort of nay-

igaticn is d ne, 1?-.,'s similar technioues were applied

h', airrlane na;:i71" 't-se methtds ceobably be unsuitable

ncw f-r al" tt.ans1.--"ali-n, supP"sc'n1^ flights, military ai"-

cra:-, and spas:- -u might -"y to find -4it something about the

netw-M.; .tf '17a'-ithal aids tbat characterize air and sea

,s1d1;;, ''" sys-em t1-king stations used in our

sca'e fl.,-:t

'.5 !,:ea2.:Are7er arl llme

numa" _s " ,,re rr 'n-en'ed first based

on familiar f arc, a"! ,n. :t is

7 t")



that the next measures developed by mankind were measures of weight,

and perhaps soon after that, related measures of volume. In both cases, many

different systems based cn locally familiar things developed; for example,

India's traditi6nal system of weight and volume measures is based on very

different standards-from that of the United Statbs, and there are differences

even between Great Britain and the United States. The only truly internaflon-

'al standard of weight and volume is the met.ric system. This system dominates

science and much of, the commerce throughout the world.

There is often ;confusion between "mass" and "weight." The distinction

may become clearer if yal confider an astronaut who weighs in with his equip-

ment on earth at a certain amount; becomes "weightless" at some point in his

trip to the moors, so that he and anything not ti4d
.

down can eaAlefloat in

the air of the space capsule; then --pon landing on the moon he has weight

again,)but much less weight than he had on earth. Clearly, even though

"weights" change, something about the astronaut and his equipment remains con-

stant through all this, and that something we call the "mass." In everyday

affairs we deal only witl the "eight" which results when a given mass is

acted upon by the gravitational attraction between it and the earth we live

on. The gravitational attraction 7f the moon to a given mass is much less

because the moon is much smaller.

Throughout this section, we -.ill usually be speaking of weight that

you would read on a scale on the ear's. :.at is, even though, strictly speak-

ing, "grams" and "kilograms" are met-._ system measures of masses--and hence

are constant no matter where tne:: are ,pasured--in practice we treat them as

measures of weig:It and find what they are ry using scales on earth. In a

later section when we are dealing with some s-ientific formulas, we'll have

to take up the distin-'ion between mass and weight again, but for the moment.

we'll stick to everyday usage.

noblest Set

1. The use to which measures are put often determine theiT r.haracter. 'or

example, in tne Europe of the '!fiddle Ages there were many traditional

systems, rune compatible with the others, but .:its': the rico_ of trading

among countries it be-ame necessary to standardize an agree on certain

weights. The Realm of . :ensure discusses this in some detail and the

next few problems are based on inrormation fr..= that book.' The firs'

"pound to be widely accepted was the 7roy pound perhaps its came comes

from the name of the city Troyes, Lrance. The Troy pound is divided

into 12 Troy ounces; each Troy equi7alent to f4:, pennyweights, and
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each rennyweig,J, 4-) ;74 grains. These measures were used for precious

objects where a smn11 err migr- have an important effect. A British

penny in the vif.ale -r."alneel grains :A' silver and the English

Pound had :1, pennies. s: at -re time the Fnglish unit of money, the

pound, was litdrall:, a -,./ p7Lari -f silver. Look up the present day

price of silver ant ie'ermire h much a ,rry pound of silver would be

worth ' Is mre hi-! ''e present valve of the .English

pound: .s -e - -er :.:sed in dealing with precious metals?

2. Another L'n? netheer -.e :-s,em rf ,:elg,h:s during the middle ages and

the m-lern des_gra'i_n f g-11 being carat,"

"19 et_. Fealm -f tasure, ..nere is an old coin

-ailed a "ma-I:" %ad = maze, f -amts, with p carat equal to half

a penn:Pheig-.-. r 1. .loins. strict standards it would be

easy cyam;le. -.1,.:Kirg a ,,. -arat coin half gold and half

-here..: lz. -n1-. 1- -y,..
.. -f gcli. Hence, it became

he n 1r nr 'n1; .us-. des-ribed a 12 carat coin

and s-rl-t ..F re :-r standards. Nowadays,

-t e re. -s is marked 1: carat if it is

z 1'. 1 , tri :f g-ld is on the world market

eni e -f . g*.ad and of 18 carat gold

r"%: -?'")"; ounce cr our ordinary.

2r-_,e -ailed an -apothecary."

- %I: i." sma11 r.1%tities of materials, so

:t -as "r3ll-1-nall based on the troy pound,

s-m-h 1.'fr,en-1 . .a2 %.n? 4- e. pharmacist or using

n- ->71 re -nis system rf measure and find

..v, e dram; scruple; grain. Do

:.a rma r .-ne switrhed ever to

:!e s.--er P mn n %30 "ate3 and some ether

s -n ",- a. .1rd.up.-ds pound 'from the

: 'c' 4 70 Farh suoh pound is

1-. e.rams; ea-1: dram into ?T11

ea-- -,na-A' 11-.-4 many drams in

r J r.. in. a: -:fl-ary. and -.'roy

'-10 "c-mversion



fact,ors" that allow yo\i to change froroy to avoirdupois pounds and

vice- versa.

As suggested by the derivation from "goods of weight," the avoirdupois

units were originally used when large quantities needed measuring. In

American usage the hundredweight is you would expect) one hundred

pounds end 20 hundredweights '20LC pounds) is a ton. In ,.Ireat Britain

another traditional unit is mixed in--the stone, Which has an obvious s

derivation and which is standardized in modern tines as 14 pounds. If

you weigh yourself nn '.4ritish weighing machine, your weight may be

given in stones. What is your preiiright in stones? Curiously

enough, the British define a "quart-J:47s two stones and a "hundredweight"

as four quarters, sc hcW many pounds are there actually in a "hundred-

weight" in the British system? A British ton is still 2C British

"hundredweights"; so how many pounds in a British toe. American tons

'are often called short tons; British tons, long tons. Try to find some

infOrmation in a reference book or newspaper story or someplace where

quantity is given in long o. short tons. "Net ton" is another way of

referring tz; the short'ton; what dc you suose the corresponding term

for the long or is Try tr find some information which specifies

"net ton."

-a rather curious way some units of weight have come to mean something

quite differeltt from weight in our nuclear age. For example: what is

meant by a kil-tcn" nuclear explosion What is meant by a "megaton"

bomb: How did such units of weight beoome attached as measures of explo-

sive power. Is ti:.ere some ;ther measure of explosive power and If so,

what is its relationship to the "kiloiton": Though depressin-g, such

measures seem t be a standard.fea'ure cf our,present, uncertain world.

'Here are some pr,:tlems having t-: do with such a world:
s

a. Is it p)sst.le nvert either kilotons or some other measure of

explosive f:'rcen destr.Ictive power? Try to find some prrinted

discussion w!i-h dies 0:. and make up R few problems based on this

information.

b. Many luestic1:2 :f :..ver the past couple -f debacles

(bow l:. ':g is a de-ade: 1-.ave bee: c:nr.cerned with the nuclear bomb

balance of r per betweer the two major nuclear powersthe TK;SR and

the USA. :".ee if y-.11 can find reliable estimates of the current

nuclear stock Oles it 'hese t...-: ,.:,untries in sue terms as "mega-

tons."



c. It has been claimedethat both the USA and the USSR have stockpiled

enough nuclear weapons to destroy'each other. Find some discussion

of this and analyse it, paying. oarticular attention to the "measures"

that are used in whatever arguments are put forth.

d. Along with the desructive potential of nuclear power, there have

been, of course, many peaceful uses, especiall:.4 in the production of

electrical power. Find some discussion of this and compare e

urement words used when discussion use of atomic energy for gen rat-

ing electrical power or providing power plants for ships) with the

units'used when discussion nuclear bombs.

8. to return to happier and smaller measures, diamonds and other precious

stones are measured by unit of weight called the "carat" but this is a

different carat from that used in the measure cf precious metals.
4

a

"Questions for Jems" Jeographic, Lecember 1971) is an interest-

ing discussion of precious gems, with pictures cf some fine stones in the

Smithsonian Institute collection in Washington. The following problems

are based on the informatioh contained in that article:.
r

4

a. "'7arat :::v: :'meant a nugnbertc different things throughout history,

but zurrently As standarrIlef.1,ilt such a way that there are 142 carats

in 7r.,, -7unce. L'Ar40Y; rtsthe "conversion fa6tor" to con-
%

ver' :.aratS use,: fc.r the measui,f, diamonds into the carats used in

, . .

tle messure -f...7-1d and yrk..*:11S metals:
;

engagemerit.- rins
1

range from carat to 1 carat for

mc.st a4d-larter f;.r eny ,,rptonsive rings. The quality of the
0,

f4nd,t'-'pe of-"-ftelf.,,"V'ng used in cutting it has a lot

1- f..e.'1, ate 2riee. Py sper.d:)v a few minutes in your local jewel-

ry s'ire'cr a m%f' -rder ea:alogue, get some idea of.the retail

pri-e 7f diam-nds as they appearY,n engagement rings. iry to make

s'me estimate cf mucn -)f the cost of a ring is in the setting

and hvw much is in the diamond itself and then make an estimate of

re ramze f retail price per ,'arat fir diamonds in engagement rings.

: larger diamcnds cr,fit m:re ,r less per carat than small diamonds?

c, diam-,n1 mines near iretr,ria, :-uth Africa, have been the source

cf s-me f mcst famous large diam-mds in history. In 190, a

r-ujh diam-nd '71 carats wns mined there. What is the weight

this in p-unds and 'us,:es. .his st,:ne was purchased by Transvaal

r,, 3 , 1-d ,7ivon ;d and :TT f England. What was the

7



price per carat of the raistone?..

d., That 4750,000 would be worth much more today in terms of purchasing

power. Try to get some iritormation on what it would be worth now.

e. The rough stone mentioned above was cut into twc very large stones,

the530.2 c Star of India which heads the British Royal Septre and

a 317.4 carat stone which appears in the British Imperial State

Crown. These stones are "priceless" in the sense that they would

not be sold no matter now much was offered, but, using the figures

you derived for retail ;rice per carat of diamonds and enga&ment

rings, what would each of these stones be worth if converted effi-

ciently into engagement rings.: How much was left of the original

rough stone to be cut into other stones and as waste th couldn't

be made into usable stones?

f. The Star of India just mentioned is, roughly speaking, in the sl.ape

of an egg about 12 inch wide and 2 inches long. Estimate its volume,

and then estimate the weight perbunit of volume. Is this more or

less than fear water.?, Can yo make an estimate of the "specific

gravity" of diamonds? If so, try to check out your estimate with

some figures from some other source.

g. Diamonds of South Africa are mined from tubular (roughly cylindrical)

veins of a material aalled ?imberlite which range from a few feet in

diameter to hundreds cf feet in diameter and in many different lengths

and depths. In modern mining diamonds the Kimberlite is scooped

up and run through a rock cr.J.s.ler which crushes it to pieces roughly
1
1-
2

inches in diameter. Then these pieces are examined for their

diamond content. The ratio of actual diamond to waste material is

about 1 to 14,00C,00C. How many pounds of Kimi?erlite are scopped up

in order to mine a 1 carat diamond? 'Rememby'r that there are 142

carats per avoirdupois ounce.; How ma- t,Ons.: From now -11 unless

layOtherwise, tens means American, net, short t'.,ns and all of

our measures of weight refer to the avoirdupois pound.:

h. In spite of the efficiency of the rock crushers, in 19-44 a 426.5 c

rough diamond, larger than 175 incnes in one dimenpion snipped througl

the crushers. From this the 128.25 cNiarchos diamond was cut; this

ditimond is worth about $2,000,000. Estimate the price per carat.

How does this compare with your earlier estimates for diamonds in

engagement rings? If the price per carat here is quite different
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from that fnr diamonds in retail trade in engagement rings, how

would you ac ,-bunt f(.r tte difference: If it were possible to assume

that the Star of irdia 'ould have a value set on it that is propor-

tionate to its weight :ompared to the Niarchcs diamond, what would

be the value of the :",tar ,f'-ndia. What are snme of the hazards of

making such ns.

i. The markelng, -,1 olam-nds is rigidly controlled since their value

depends in 1--art u, n ":.e..r scarcity, b'it smuggling of diamonds does

take place. 7* is -stimated tat '.. , c of Sierra Leone diamonds

are smuggled ou" by wa: 7:. :.iberia ea,::. ;ear. 'Fake some'estimate

of the value of ,, ,, .- .,f d m7, mlnds in the sIggling traje. What

are some ,f t'ne ha.ard_ -f this K:nd cf estimation and what addition-

al infc.rmativ uld'y,:u :,ant in ,,rier to make a more accurate-esti: ----

mate:

::.ere are a number ..f SyT '!ti;' Imita'icns ,-.'f diamonds on the market,

rangin.7 fr-,r syr."(.1. white saphir worth about *$-) per carat to a

recent -:-unterfeit 'ailed YA1 yttrium alumi garnet) at $50 per \\.,

carat. ::-.4 ' 3 the rri-e -f i.'..1 per carat compare with your earlier

es'imate 'f pri-e per arat "f diam,nd for engagement rings? YAG is

said "- 're s. '1-se in arpPaanoe t- zenuine diamonds that it is very

d!ffi.1' -7, 'ell r.e ,:iffPren-.!e; ,'an te distinguished from dia-

mAld,-; cy '."Imersi7:n in r.ineral il: t,e diamond retains its luster,

bu' ::,; ,: Ps n-'. u :;,--lzH Le warned 'Int it is haardous to buy

"bargai: cern:. .f any kli .,'side 1, _timate and ethical trading

-arhels. -es. ,!es tne 1 Isi)ility : aloes, what are some of the

--er :n.ards in

k. 'an,,: -'are sa,e .f 'nerfeit" gems is of course a legitimate

m..s:esz; as .re ,learly identified. Assuming the price ,

r 1 in-lade 'he cutting and faceting, how

s' v a :-nun'erfeit duplicate of the Star of

i:a. n .1d ''c e _f a c-:n'erfeit :Aarchos diamond compare

ne real ar'i-le

L. :Pal Siam nds ve, te0!: produied artificially by Jeneral Electric.

7:.e small dian nd -hics used f:r ,..utting tools and other commercial

,1,,ed are competitive with industrial dia-

:r,m na"ud a es. :ut diapnls as large as carat of gem

st-re are slv manufacture, and verylarge stones

`aro c-_1 inp IP ' ;r. artifi-ially as -If late 1971). It

I
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is said to be the case that over a million pounds pressure and 2500°

Fahrenheit are needed in the artificial manufacture of diamonds.

This is said to correspond to tha pressures-in the earth 150 miles

deep. Verify this if you can. -Using this information arid whatever

else you can, find out about manufactured diamonds and make up some

problems that could be added to this book.

m. Diamond's are useful in industry because they are just about the hard-

est think known, which means that they can be used,13 scratch or cut

nearly anything else. The statement that they are the hardest thing

known (or nearly so) suggests that some measure of "hardness" exists.

Find out what system of measure applies to that. Compare the hard-

ness of diamonds to such things as glass, steel, gold, and so on.

9. The Realm of Measure speculates that units of length probably appeared

first in history, then units of weight (or mass), then units of volume.

As with the other measures, there are many traditional systems for meas-

uring volume, each based on some container that was in common use in a

given culture. Why would it eventually become necessary to standardize

units pf volume?

10. The standardization of units of volume seems initially to have been

based on units of weight; hence, the British Imperial Gallon holds 10

pounds of water. An Ameficat gallon is about of the Imperial Gallon

and holds 8.337 pounds of water. H,-,14 many pints are in a gallon? How

much does an American pint of wafer weigh? What is the percent error

(-for water) in the old saying "a .pint's a pound"? A liquid pint con-
.

tains 16 fluid ounces. Does a "fluid ounce" measure more or less fluid

than ah "avoirdupois :once "? Figure out the conversion factor between

fluid ounces and avoirdupois ounces.

11. It be more consistent mathematically t, standardize our units of

volume onAhe basis of linear units such as inches and feet rather than

on the basis of weights. Picture for yourself or construct a volume of

1 cubic foot and make a guess or some .er estimate of how many gallons

it would con4ain. Now, check that guogs against the fact tralt a cubic

Toot of water weighs about 62.5 pounds.

12. According to th'e Realm of Measure a Biblical unit of weight called a

"talent" was'supposed to have been roughly equivalent to the weigh' of

water contained in what we would call a cubic foot. Actually the Greek

talent weighed only 57 pounds, a little less than our cubic foot df
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a

water, while the Hebrew talent of the Bible was about 94 pounds; can you

relate it to anything that might give a plausible reason?

13. A talent of silver came to be a unit of money, namely that amount of

silver. Given the current price of silver, what would a Hebrew talent

be worth in U.S. dollars? The Hebrew shekel (still a slang term for

1
money) was about 575 of a Hebrew talent; what would this be equivalent

to in U.S. dollars?

14. Below (frot the Realm of Measure) 1, a table of liquid volumes that were

once in very cOmmon use. In what industries might some of these measures

still play an important part: Try to find some references in literature

or history which use some of these terms. Make up some problems suitable

-(or this book which use conversions from the table. "Ainus" were likely

to have been used on3 "by apotheCaries; a minim is about equel to 1 di-4p

of liquid. Is 'a.drop" a fairly standardized measure of volume, or

would it depend a lot'On the material being measured and the dropper.

used? ,How many gallons in a tun and, if these are American gallons,

about what would be the weight of a tun of water? Does this last suggest

/
anything to you about the, pOssible derivation of the word "ton"?

1 tun

1 pipe

1 hogshead

1 barrel

1 firkin

= 2 pipes

2 hogsheads

= 2 barrels
1

=
'2

firkins

,= 9 gallons

1 gallon = 4 litaid quarts

1 liquid quart = 2 liquid pints

1 liquid pint = h gills

1 gil = 4 fluid ounces

1 fluid ounce 8 fluid drams"
%;01.

1 fluid dram = 60 minims

0 .

15. What volume or weight is represented by "a shot" of liquor? (This is a

common quantity used in mixed drinks.) Referring to our earlier
/

'sipn* of ehp.'probablA role of drunk drivers in fatal accidents, or some

;.:4wou make some estimate of how many drinks, each

containingA (wfiskey, might lead to a blood alcohol level that

would conA:./utp;,!4e legal definition of "drunk"? (This level is often

set at 0.10%.; some of tAlOvariables that make such an estimate

somewhat difficult. ',ne of these might be how long since the drink was

consumed. title Sdd Bcok of Data says a healthy adult can "burn" about

1
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.Q:4_fillidouhees'of alcohol per hour,) Another might be how potent the

whiskey is:, In this. connection, what sort of a measure is "proof" as

afpliectto aleoholic beverages?

interesting to observe how frecNently the number 12 figures in

various traditional measures. List the places in the measures discussed

so far where 12 (or some multiple such as 24 or 60) appears as a convers-

, don factor or in some other form. Why would 12 arise so frequerit1y? It

is also interesting to observe how cften ,{rowers of two (2, 4, 8, 16, etc.)

appear. Why do you suppose this would b,?

. !Traditional measures cf volume and weight tended to depend on the use to

whiCh they -were put, and there is a good deal of confusion among them.

For example, nearly all of the traditional measures used in America dif-

fer somewhat from.thase used in ;.rest Britain. In America'there is ;till

anOther,,system,of quarts and pints used for "dry measure': that is slight-
.

ly diffprent from the liquid measure system given above. The conversion

'Unit is this: I dry pint is equal to 1.164 liquid pints. Why would the

same conversion factor be used in converting from liquii quarts into dry

quarts?

18; One peck is eight dry quarts and one bushel is four pecks. Assuming that

most thingipmeasured by bushels (wheat, tomatoes, otter fruits and vege-

tables) weigh about the same for the same volume as water does, about

what would you expect a bushel of tomatoes to weigh? A bushel Of wheat?

Is this assumption valid "for pra'tical purposes"? Check on this with

Some reference giving actual weigh of a bushel of whgat and bUshels of

other things.

19. There is a popular song from your parents' high school days that, b4gins

"I Love You a Bushel and a Peck... ." How is that for finding a measure

of the unmeasureable? Do you know of other song lyrics or poems where

measures--or at least measure words--appear?

20. Another traditional volume measure with a special purpose that you may

not be familiar with is the "cord" of wood, which is a pile 8 feet long

by 4 feet wide by 4 feet high. According to 1001 Questions Answered

About Trees, seasoned wood can weigh from 20 pounds per cubic foot of

willow or poplar to 50 pounds for many other hardwoods. 4ith these fig-
.

ures, what is the range of weight of a cord of wood? If you were offer-

ed some wood, such as oak for your fireplace, at a cost either 420 for a

cord or $15 for a ton, which would be the better buy?
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3.4 More About ' le Metric System of Measures

The metric system of measures is more rational and easier to use than our

traditional systems in nearly every way. We have already talked about the

original definition of a Meter as :ne ten-millionth of the distance from the

equator to the North along the erth's surface and the subsequent dis-

cOvery that this was slightly in error) and the fact that a meter is a little
*

1Tger than a yard. In b:th, the metric and traditional measures, area is

kasuredmn such units as square feet, square yards, square inches, square s-

meters, centimeters squared, and s: ,n. Again, there are in both traditional

and metric volume measures such as cubic inches, cubic yards, cubic centi-

meters, and so on. gut most of the traditional measures cf-volume have little

relationship to this progressi,:n from linear to squared to cubic unitifor

example, there are no easy links between cubic inches or cubic feet and such

things as quarts, bushels, or gall.ms. Likewise, except for the rough rul

"a pint's a pound" there, are few .links between volumes and weights. In the

metric system there are such links. The basic unit of volume, the liter, is

the -Volume of a cute with edges ten centimeters (also called one decimeter)

long, and there is also a tidy link to the weight of water.

Problem Set 5.4

1. How many cubic centimeters will there be in a cube with 10 centimeters

on each side: i.e., in a liter?

2. As a convenient basic unit of weight, the inventors of the metric system

took the weight of one cubic centimeter volume of water as the basic unit

of weight. :his unit was called a "gram." hence, how much would you ex-

pect a liter of water to weigh: kMore exact determinatiyi of the mass

of water after this neat system wasiinvented revealed minute errors'.

Since these errors are only on the order of .003%, they are not of con-

'cern except in the most delicate scientificmeasurementTIP

3. A liter is very close in volume to an American liquid quart. The con-

version functicn is tnat 1 liter is about the same as 1,06 American liquid

quarts. 'rou would expect, then, that a kilogram would weigh a little

more than 2 pounds: vtuelly the conversion function is that a kilogram

is about 2.2 pounds. nake an estimate of how many grams there are in an

ounce and check your estimate in some reference source.

4. There seems little question that the metric system will become the world

standard :f measure in business ,and industry, :lust as it is already the

world standard :f measure in science. Indeed, the United States Secretary,

10
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of Commerce ecently proposed that the United States convert fr om tradi- 0

tional measures to metric measures over about a 10 year period. Because

of the world-wide flow of-goods, this.will certain t the United

SINs in a better competitive position in world rade, but the change-.

over of Manufacturing machinery will be eriormou y expensive. Moreover,

ie will present many difficulties to the average citizen accustomed to

thinking in terms of our traditional measures. Here are some exercises

which may show that it is not as hard as you may think to
..
make the con-

versions, at least for everyday estimates of quantities.

a. In a letter to the magazine Science some time ago, it was suggested

that transition to the metric system could be eased for "everyman"

by eempOrarily renaming the metric units with the English system

Units that they are closest't6. For example, liter would become

a "metric quart"; a meter would be called a "metric yard"; 2.5 centi-

' meters would be 'called a "metric inch.," Other possibilities are to
1

. call .g kilogram (or 500 grams) a "metric pound" and 1.5 kilometers a

"metric mile." Do you 'agree that each of these would be a pretty
.

good rule of thumb for shifting to the Metric Sys':em? About what

percent error is there in considering ti liter to be a "quart"? About

what is the % error in the other approximations? Where would the

greatest errors occur? Woule. these be serious in everyday affairs?

b. An easy rule-of-thumb conversion between kilOmeters and miles is that

a kilpmeter is about .6 miles. mould we use the same conversion

factor to convert to miles per hour from kilometers per Aur? .If you

are traveling in Mexico-!which uses the metric system) and see a sign

Aich means "speed limit 10C" what should be .the maximum speed show-

ing on the speedometer of your American car? (Here and elsewhere in

this set of problems, use your common sense in deciding on how pre-

cise to make your answers; in most cases a.good approximation Will do

and it would seldom be appropriate to have your answers expressed to

several decimal plEces.)

c. Many American car speedometers read frcmzero to ',20;.what would be

the correspcnding range pn a speedometer calibrated in kilometers per
7

hour? If you were driving a foreign car with a speedometer marked

in kilometers per hour, what is the maximum reading on that speed-

ometer that would keep you within a 60 mile per hour speed limit on

an American road?

.
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d. It is easy to imagine an automobile trip that begins in Canada, goes

through the United States, and ends up in Mexico!. Canada has miles

must like ours, a dollar that is roughly _he came as ours, but uses

the British Imperial Jallv whi.ir is abcut 1.2 American gallons.

In. Mexico, a peso is 4.0C 'J.S. 'or.12.' pesos per American dollar),

distance is measured .n kilometers, and gasoline is sold by the liter.

Suppose that you are an American making such a trip and you have a

car tht usually; gets 1', miles 'per on regular gasoline costing

about fo cents per gallon. "ake the appropriate conversions to miles

per imperial ;allon and cost per imperial ;allon and kilometers per

liter and expectesi -ost per liter to use as standards in judging your

.car's performance and ousts on your journey 1r, -anada and

e. the exican government has a monopoly on the sale of gasoline, and
.

all over exico one can get Supermex, which is Bo octane, Gasolme,

which is 9C -ctane and about equivalent to an American "regular"

;:rades and Pemex 1:(, which is octane and about equal to an

American premium grade gasoline. :he respective prices are usually

about peso per liter.' for Supemsex, 1.0C peso for Gasolmex, and

peso for Femex 1:,2. As the United States, prices vary from

pla -'e toplace.1 .:or would these prices compare with prices for

gasoline ii'gas-line s'ati'ns near y-u. by the way, what does

"c-tane" mean as a measure gasoline'.)

f. Yake up s-me more problems similar t b. through e. above that would

be .71itnf'le f-r this :

You have ;r-taoly seen birth announ.,ements which make s'Ime Puss about

h,w much the baby weighed when it .as b:rn and how long it was. Suppose

you get su", an ann-uncemen' from a cousin in '.-rance which announces that

the weignt of the baby -,,as .oa %. and its length was 60. what units are

probably i.eing used'. how long and heavyothe baby is in our

traditional measures.

6. For very lar_- measures of weight, te metric unit is a "megagram" fl

milliqn grams .
.he :realm of eaSUre tells us that in most languages

this uni- 1 -ailed a "tunne" and in 't,nglish called a "metric ton." i!ow

many pounds are tnere in a metric on and how does that compare with our

standard "shor- ton" and the ri'isf.

common u-it _f land area 1- 're 'ni*ed :late,s is the acre, Which

according several sour-es was originally equal tc-; the amount of land

7.3
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i' .- ,

.thai a map could plowNrith a yoke of oxen in, about half a day. It was
. 4

eventually necessary'to standardize this and, according to the Realm of
- . - ..--- -

Measure, it mu standardiLM
...

1.):: English kings as a rectangle of land 40
---.,=r
rods long d 4, r ds wide (a "rod" is 51-f yards long). If you figure ou'e-

s there are in a mile, you see that he definition of are

sakes it possible to fit an even number ofoacre in a square mile, which

is .lucky for land surveyers who-use ti-aditiona measures.. -

how many

a. }ow many acres'are there in a square mile?

b. Wiw many square Yards are there in an acre?
J

-0. What conversion factors would be used in a function changing1square
./

', Peters to square yards? r.

d. In the metric system, land is measured by a square 100 meters on each

side; this unit of area iA called a "hectare." How many square meters

in a hectare? This is equivalent to how many aquaze. yards? How many

acres dies it take to make a hectare? Devise a,convenient ruleof

u

--
,ethutb convertiniifrpm acres to hectares and from hedtares t

.

. acres.

8. Have you ever wondered how much lava is produced by an erupt ing vole

Writing in Science, january 14, 1972, D. A. SWanson concluded that active

volcanos on th4 island of Hawaii over the past 20 years:Produced lava at

an averag e'l-atet about 9 miliipr. cubic meters per month (9 x 10 cubic
A

,meters). ("Magma Supply Rate at Kilauea Volcano

a. Try to get some idea of how much material that 9 x.19
6'

cubic meters,

is. (For example, you might think Of a meter as ahpUtayard and

see how many square ulocks or square miles would be coveted, say to

the depth of 1 foot, by one morlth's lava flow br how many buildings

of a certain size would be filled every day or every week or every

month.)

r
b. Swans n drew his f.cnclusions from the following data. The 1952

Hal
46 \

umau eruption r oduced 49 x-lo cubic meters (m3) of, lava in''

4.5 onths; the 196"-68 Halemaumau,eruption produced 84'x 106 m
3
of

lava in -:.25 months. Dwanson averages, each bf these to find a fairly ,

constant rate, then reduces the total volume by 15% to compensate for

g. the fact that hot gasses .r. lava make it full of holed and channels

and he is interested in the amount of solid lava. Using these fig -

urea, check to see if the final estimate of 9 x 10
6
m
3
per month is

.

0

approximately valid.

8;3
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c. Swanson suggests that this same amount of "magma" flows constantly

into the,tHawaiian volcanic. system and is stored underground. This

conalusiOn is based on the faCt that when a volcano is actively

erupting 'at the rates given above, the surface of the island is not

deformed, while, when %there is no eruption in progress, the land

surfaces are deformed as if something were being stored underground

Make a mathematical - mode], of the big island of Hawaii as a cone ham-
.)

ing the height of one of the higher mountains (say Maunaloa) arid a

suitable base (work from a map of thilland). Estimate the volume

of the cone and estimate how long it ;road take to build such a land

mass wi,h lava flowing at the co4tant rate suggested by Swanson. \

(It is likely that HaweiPand manyOi'the other Pacific islands

were ViltifrovO.canie activityeStarting

Some Miscellaneous Measures, Including Energy,,

at the ocean floor.)
;..

...;,,

Temperature, and Time

In a modern civili*aticin -ibioUrces di' and thc,:,U.OS, of "energy" are **

necessarily of great concern., ,Ail need electrial energy ?:.- run light bulbs

and appliances; we need fuel for automobiles iiiid fac4ili-es and many other

things; and so on. To have a standard reference measure fqr energy we often

convert discussions about any kind of energy into heat er4gy measured in
,

calories. As we discussed in an earlier problem set, one calorie is defined

to be that amount of heat needed to raise the temperature of one gram (or onb
...._

cubic centimeter) of water by one degree Celsius (more precisely from 14.5o. C

ro .

to 15., C). As we also discussed earlier, the calorie used in discussions of
, lot

diet and in most everyday Discussions is in reality the kilocalorie(1000

calories), which clearly is the amount of heat, needed to raise the temperature

of 1500 grams (or one liter) of water by one degree Celsius. In countries

where the Fahrenheit scale is used, another unit of energy is often used,
o

namely, the amount of heat required to raise one pound of water by one degree

Fahrenheit (to be more precise, from 59.5° F to 60.5° F); this is called the

British Thermal unit (BTU). On the other hand, when one is speaking of the

ich

in a one-pound weight one foot up against Ear h's

nv rsion units from the Realm of Measure to use in

..

expenditure of energy, ore often uses something called the "foot-pound"

is the energy used in rai

gravity. Here are some c

the problems that folloy:

1 BTU =

1 kilocalorie =

1 calorie =

252.0 calories = 0.252 kilocalori?.

3.97 BTU

3.082 foot-pounds

714
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o 1 kilocalorie = 3,082 foot-pounds

1 BTU = '778 foot-pounds

Problem Set 3.5a

1. The food we eat supplies both the building materials for our body and the

energy that burned in our dqily activity. *Ienerally speaking, that

part of food that goes to energy is measured in kilocalories (remember

that in diet books and most everyday discussions the kilocalorie is

Called a calorie), and geneihily speaking the excess over what we actual-

:

ly burn up in our activity is;Stored in the body as fat. There are hund-
.

reds of diet.books on the market; one%gf these tells us that a 130 pound

man needs .about 2700 kilocalories per'clay, and the needs go up by about

80 kilocalories for every 5 pounds increase in weight beyond that. For

women the chart begins at about 2000 kilOcalories for,a 110 pound woman,

going up at the rate of about 90 kilocalorieS'.for every 5 pound increase

in weight above that. A note accompanying this information suggests that

this is for a fairly active man or woman. For someone doing extra-heavy

physical labor, the figures should be increased by about 15% and for a

very calm and inactive life, decreased by about 8%.._On a piece of graph

paper construct a line showing the function thus defined for an average,

fairly active man, assuming that this information is apprOximately cor-

rect and that it can be extended over a range from 90 pounds to 18o

pounq. Then add with dotted lines or different colors the appropriate

graphs for aperson doing extra-heavy physical labor and for an inactive

person. On another sheet of gr4h paper make a similar graph for women.

Locate youiself on the appropriate graph.

2. From a diet book or elSewhere, find a table of the calorie (actually

kilocalorie) content of a number of co on foods. For a couple of days

'keep trackof what you eat and then,cpmp..fte your calorie intake. Compare

this calorie intake with your place on the graph from the problem above.

If there are very $de discrepancies, consider Why this may be (including

the possibility that the infdemation given in the problel above may be

wrong or it may not apply to your particular situation.

3. It is said that each nation seems to have its own peculiar preoccupations;

from palmier literature and everyday conversation one might conclude that .

one of the American hobbies is concern about diets and weight. Books on

a "t4W" methtd of dieting or magazine articles on someone's new theory

are being widely discussed almost all the time. Are you aware whether

or not this is true fight now or fairly recently? Basically, it would

V' :
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seem that changes in body weight would depend only on these two factors:

the amount of energy used by the body and the amount of energy supplied

to it by food or drink. Using the figures given in the table at the beg-

inning of this problem set, verify tdat a kilocalorie of energy is equiv-

alent to lifting about a ton and one half, one foot or three hundred

pounds about 10 feet or 150 pounds about 20 feet. Consider an eXercise

where you jump up and dawn about -ne foot off the ground. About how'

many jump-ups would it take you t expend a kilocalorie of energy? Con-

sidering that most flights of stairs rise about 10 feet from bottom to

top, how many flights of stairs would you have to go up to expend a

kilocalorie of energy:

-4. A pound of fat is said to have about 550C kilocalOries of reserve energy.

How many flights of stairs'would you have tc climb in order tc burn up a

pound of fat stored in your body: Of course exercise has many functions

other than using up energy ar fat, so don't let the results of this prob-

lem discourage yoU from exercising.)

5. Accprding to one diet bOok, a one -ounce chocolate candy bar might have

about 100 tc 125 ki calories. Find the net weight of some candy bar

that you like to ea. and figureout about how many calories it has. Then

do two things: fir , figure au`_ .ow many jump-ups o flights of stairs

it would take to use up this mlh energy; second, figure out how many

such candy bars would be equal tc the energy stored in a pound of fat.

6. With a diet book or other information on calorie content or exercise,

make up some in.terest,ing.problems that would be suitable for thifbock.

Problem Set 3.5b

1: Time is a very imp,,rtant thing to human 'beings, and probably alwayshas

been. We measure cur days by the rising and setting of the sun. In

times past, montns were measured bj the lunar (moon) cycle, from new

moon to new Anoon, and years by the sun, from spring to spring% "'(Such

archeolo ical sites as Stonehenge, in England, are thought to have been

used to d termine the eltact first day of spring each yeari.)- Even so, it

has bee .,ery difficult over the ages to_devise an accurate calendarito

keep trac. 3f the passage of years. Do some reading on this subject and /

say something about at least three other calendars used in modern c

and how they compare with cur standard calendar. (For example,

sep ap encyclopedia or The Ex4,?,t Sciences in Antiquity by Otto

1414gebauen.)

76
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Find out how our own calendar evolved iti"-eovr4ciions haVe been

necessary in it during the "Chtian'Er ---
..

.. ..:
/ ,--- .

. Investigate some other question aboutcai ndars that is of interest to

You.
s., -

. - C%
4. The measure of moment-to-moment.tiMe/id acc6mplished nowadays byc ocks

and watches, with standard timed available to us to "set4",them b .
.

are some of the mechanisms:that have been used to keep trlc% k of time4,i-
e!. . 42.

minutes, hours, secpnds? Hot.Pac.otiittre the most precise timepieces,
'

now available to us and in c.41tekt udt? How accurate and
t

hOw ex: glsive

are the timepieces used to meet requires its for extremely

of

precdjlemeas-meas-

urements otime? What timing are used nowadays.j.y*

National Bureau of Standards, he government agency with responsibility

for providing "absolute",time standards?

5. Accprding to Realm of Measure, using the rotation of the earth as a time

standard iOnadequate because the earth is slowing down slightly, and

so the length of the day is very slowly incte sing; by about one second

every 100,CCc years. By how mach has the lengt. of the day increased.

today as compared to ten years ago?

6. How could one detect that the earth is slowing down?

7. Mathematics in Everyday Things says that the length pf the day.is getting

bigger'by about 0.0016 seconds each century. Just to show that you can

believe everything you read, this source.goes on to say "that the solar

clock has run slow about
1

hours ...;ring the past 2,000 years." Can you
'2

see that this is obviously %ay ot.t of line? How long woup it take at

the rate of .0016 seconds per Century to accumulate 32 ours: At that

rate how much slowing down would actually take place in 2,000 years? How
1

long would it take to accumulate 7,7 seconds. Is the figure_

seconds per century, approximately the same figure y_.. are given )in-the

previous.peoblem: 1 second every 100,000 years: Why do you think this

book made this error? Can you figurelout that they meant tb say or

should have said?

. The measure of tie on your watch is Yeally found by defining the position

of the two hands on the clock face. lame some ether Ways by which time

has been measured by an indirect reading lepending 3n angle measure,

length of something, volume of something, or sor other measure. Is t

possible to get a "direct" measure of the time cJr the passage of tim ?

In hat ways is measuring "time" different from14asuring such thing

t
as

I

77

8.7 i I



"length," "volume," "area"?

irJblem .let 2 5c

I. Some of the other measures eve mentioned abc,ve depend not cE direct

measure of the thing in luestic.n. but the mensUre cf something else

instea.. for example, energy measured in .0.cries has something to do

with tem eratue and f-lume temperature itself is measured by

the length of a c:lumn .11 tne germ meter r as a rotation on another.

sort of thermometer. Make a list of the measures that seem to be

directly accessible by acme means and anct.ier list of those that use

direct measures in order 4.: derive am:sther measure.

2. The traditinal measure f temrerature tn the 'TA is in "Fahrenheit",

degrees. Water freeles at ."(' 1, and t:Als at a22 F. In all science and
.

in mar.;, ',1.:,ntri.ts a(,:entigrade ,r 'elsii.s measure is used. The freezing
-

point of water is and the toiling point 1.0° 1. Figure out a con=

version fUci-n f-.r taking fa,-.renheit '.7. 'entigrade degrees; the critn i
t.cal points will -e :1:- t- 1 ..rd -'.: . el reference points, figura:-

6 1 , i'
ott the "elz:us eiuivale:'s ° %%man tM.. temperature about 9o.3 F, and

, "
room temperature .

3. Nctice that z,7'ih these sfs'ms all.I. nwative values. Although most

measures 1:7ke distance Irj_;...eiiF!.!:- :-,nly have positive values, ;a few,

'like temerAture .,r.d "Ime , s..r.e'imes 1,ave negative -'aloes. It happens,

however, that there is a 1 nest pcssible" temperature. It is at

-7',-.14' '. /;:hat ,s the 1,Thezt -ahrenheit temperature: There is a third

scale of terpe-re 1.1.iC,-. -ak... ..".is into a.-Aint. :t is called the

Kelvin ,r ats'loLe scale, .' ;-re ',. -.-2'''.16° r7; 277-16° K , e C.

Figure ,...if 'ne helrin esuirdents -f human bpdy temperature and room

temperature.

.

4., Measures are l',r-:,er mil d '0... the fa-t that in many cases one uses

not a Single 9casure, L's' s-me --mtir.:11,n'ofimeasure; for example, speed

I

is measured i'J miles per rltr, and -,,01'; ne a..erak-ea are measured n the
.

number ,f hi4 per numl-e f t!mez at b.t. "ake a list )1.' at lea t 10
--7---t-

ott'
such "crmir-tril measures ,,di.ary use.

5. A; shaper :, --1 :-',.er% r" :' nfr-rls a bewildering vnrie"7 of rands,

lualitice, sizes, and 1,. -es; l' is 1 ;t 41.o_mmon fc.r the "gfE:nt economy

size" of a given Lrar,d f a pr,;duc., '- ,.:stwre'per"Unit.than the "large"

'size. :Fend a r. -,u! t s.er7cer: sure ris.ine price comparisons on a cost

per unit tasisr. :irs' an-r .ari:%r. Lravls, and -tlen among sizes within

r.



brands. Some consumer organizations have advocated requiring stores to

post their prices on a price per unit basis for easy comparison; do you

think this is a good idea? Why or why not? How much of an extra burden
. -

would-it put on a, store manager and his employees? (For your exercise in

price comparisons, you might want to use a slide rule. In many cases an

approximation by rounding off quantities and prices involved is good

enough information. While you're at it, notice that most canned goods

have, eights given both in ounces and in grams use this to solidity your

feelings about the relationship between ounces and grams. In some cases.

it =is easier to get the price per gram rather than price per ounce.)

In. America Apeed is usually measured either in miles per hour or in,feet

per second. nice to have a rule -of -thumb conversion betwe0 the..

two forms. Convert 6c m.p.h. to feet per second. Use this toevnv

the speed of a 100 yard dash in 9 seconds or of a four:!..minu e m

milejer hour.

7. Science Experiments Step-ty- et gives instructions fir

an "anemometer" for measuring wind speed by pushing,1*

inch long pieces of cardboard, moused at right angisj"

four paper CUM. This is then placed

to rotate freely on a rail on top of

a stick. Paint one cup a different

color so r6tations car, be counted.

The rule of thumb is that oneshould

count tile number of revolutions in

30 sec6iids, then divide by,5 to get

the wind speed in miles per hour.

Can you figure cut why th s should

gtve a reasonlibly correct result:

th4igh...s*s in

Should variati-us wit!-:in reasonable limits of the length of the arms to

which the cups are attach4d make a,y difference in this: Why or why not?

[

e Experiments !ter-tv-.:tez says tha weatner is often d
it
ermin-

ed by the movement air in '.'`se upper ska as well as by the dire tion of

the wind ground level.. :+ suggests that irl order to find put what

this directi6n is or.4 can mark -ff a circular mirror with the various

directions 'N, Cv, etc. ; mark a dot in the center of the circular

mirror; tr,en watch in ate mirror a (loud passidg over the center spot

untili it goes tver the edge of the mirror. by marking the point at Which

it grUs.over..,the n:-rcr and 1.cking at the ptint diametrically opposite

1)
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from it, ne /can then findcut the direction from which the wind pushing

the cloudcomes. Try this if you are interested.

9. In your text books'you have probably done problems of "indirect measure"

which somewhere along the line involved measuring angles. Earlier in

this book we talked about the role of.angles in determining "latitude"

and "longitude" coordinates ou the face of the earth. Try to make a list

of 5 or so other kinds of situations Where angle measure plays some role.-

,

lu. barometric pressure is a measure that is important in forecasting changes

1,A weather. iind out what this means and how it is measured and what its

uses.are in weather forecasting.

11. A 'measure" connected with weather is often given in the r adio weather

reports when they say that there is a 13% chance of rain or a 7O chance

of snow. How does this "measure" differ from the other measures we've

been talking about above' What do such statements mean':

14. There are other measures ,Iven IL weather reports such at rela ive hum-

idity and in some eases a --omfort index." Find aut how such things as

relative humidity are measured and what they mean in terms of human com-

fort. Why t'nc " relative" in relative humidity'. P

An autom bile is a:very complicated piece of machinery requiring very
.4

prenise specifications and measurements for many of its parts. For your

family oarz -r any other car ynu choose, look up the specifications and

find ou' what they mean and how they are measured. in particular, no

the pla-es where angles lire measured. Al;;Nnote the precision 'rith

which t:e measuremeits are given,

Measures f S 'war`

An earlier problem talked at.nut cellaries as a measure of energy, and in
.

iparticula yu n-ted aha4 a 1±,_-pcund man would have to go up-about 2 f3igb ts

I of e;tai s
t use 1 kil:fnlorie of ere gy. ,3ut she same am. ant or energy u.

be use 1
whether the man walked slo:ly or ran, although v know that there

I is considera,Ile Offerenop in no:, you feel after a slow wa]I'k and after running.
...."

Measures 41141' take t-. t- account the rate a4 which energy is-used are called

measures f,power: in everyday usage the most common examples are horsepower

-as applied tt nutamnbile engines or ela-trie motors; and watts or kilowatts

at applied to ele:tri:ity. 'Yhe key issue is not merely how much energy is

supplied or used. out how muci, energy is used in a given unit of time, for

example, pe'r second, ner nour. When we speak of a man who ases

5



in his normal; activities 2,500 kilocalories per 24 hour day, we are clearly

speaking of energy over a certain period of time and It is appropria',.e to
;

think of this as power.

Problem Set 3.6

1. The Realm of MeasUre tells us that a man using 2,500 calories in a 24

hour day supplies about as much heat to his surraundidgs as does a 125

Matt light bulb burning continuously. Assuming that informatiori is

. correct, answer these questions:

a. Most electrical appliances are rated in watts. About how many average

sized people does it take to equal the heat equivalent to 1,000 watt

iron, waffle iron, or toaster? Check several appliances such as

these at home and See how many watts of power they consume in produc-

ing heat.

.b., A.1250 watt electric heater with a fan will keep an average size well

insulated room comfortably warm at temperatures down to freezing out-

side the room. 'Do you suppose that thirteen people continuously in

the room would keep it as warm As such a heater' If not, why do you

` suppose not?

c. A large crowd of people crowded into a room dqes produce a conside;-

able amount of heat. An auditorium wareenough to be comfortable

when a crowd enters may actually need air conditioning even in winte-

to keep it from becoming uncomfortably lwarm when it is filled with

people. This is also true for a crowded room at a party. Ask some

interesting questions suitable for this book related to such issues.

2. The whole question or% heating buildings is interesting and involves a

good many numerical and mathematical calculations. Inquire of your local

electric company and ga's company and see how many watts of electrical

power are n eaed to he.t; a room or a house and what the equivalent Meas-

ures are when heat is supplied by gas fired furnaces heating either air

ori water to be istributed through the house.

3. Heat ftom electriftty and from "fossil A as coal, oil, and nat-

ural gas, re in co4etiti.m in most cities for e heating market. By

,talking to representatives of utility, companies in cur city or town,

find out what the claims are f,r each and how much they claim each,costs.

4. Take a survey cf the appliances and motors and other electricaL equipment
, .

in your hme and try to find out how much power each uses w!,:n it is in



operation. Then, for several times during the day, make an estimate of
I.-
holelauch' total electrical power 1~s being used i9.. your house at that

.4,4%

AreIthere periods in the day when a lot more power is being used than at
: ;-

other tines?

5. Poweris sold by utility companies in terms of kilowatt hours; where kilo -

watt'-means 100? watts and kilowatt hour means, for example, 1000 watts

used_for_l_hour or 100 watts used for..10 hours., Using the estimates in

the previOUs problem, try to estimate'kowmany kilowatt hours are used
I .d:

in your home everyday. Then try to estimate how much is used each month.

Check your estimate with a recent electric bill, and if you are way off,

try to figure out why there is disagreement between your estimate and

What is cctuAlly recorded by the electric company. -

6. Power is measured as it comes into your home by the electric meter, Which

consists of a small motor which turns faster or slower, depending on how

much power is being used in your home. This motor, in turn, operates

dials recording the actual amount of power used. Have a look at your

electric meter, and if it has a glass cover on it, watch She motor oper-

ating to turn the dials. Try to find out how to read the meter.

7. Do you suppose in a,city such as yours that more electrical power is used

by houses and apartments and ocher places people live or by business and

industries?, Given the information.you just developed on how much power

your own home uses, -try to make some rough estimate of how much power

your entire city uses and check this out with somebody at your'local

utility company.

8. According to The Aysics of Music, "horsepower" as a unit of power was

defined when mine operators began to replace horses with steam engines;

it was the rate at which an average horse could do work over an average

/1
working day. It is now defined as the required to lift'550 pounds

1
one foot per second. A watt is about 7.47 of a horsepower; or in other

4%N

words, 7h wat a'e about one horsepoWer. So how far will a watt raise ;

1

I

a weight f on !pound in a second? If you Jump up one foot each secend,)

how many watts! of 'power rIre you using?

9. Conversion of energy, and hence power, from one form to another is done

many ways. The gasoline in our automobile tank ultimatelrbecomes power

applied to the rear wheels of the automobileAelectricity becomes heat

in a toaster or, through motor's the operating1ftrce for many kinds of

machinery. List-some more ways i-ri whicii energy in some form is converte
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92



into anotheriorm.
//

1Q. The conversion process of power (or energy) from one form to another is

usually notoriously inefficient. For example, I have in my shop. an elec-

tric motor whiuses about 300 watts to produce T. horsepower. .By comput-

ing the ratio of poirer out of the motor to'the power that goes into tfie

motot, attach a "peKcent efficiency",measure to this motor. (If the0

motor runs for a while it reels warm; this heat accounts for much of the

lost power()

11. Look into the relative efficiency of various kinds of motors; automobile

engines, steam eng' es, and turbines, for example: Can you see why the

search still goes on for mere efficient electric or steam powered auto-

mobiles? Most automobiles haVe water circulating around the engine and

being cqpled in the radiator; what does this have to do with the "effic-

iency",of a gasoline powered engine?

12. The physics of Music notes,that sound is usually produced by some sort of

_mechanism that causes thd air to vibrate; this vibration is-sensed:by the

ears. Power considerations come into this intwo ways: first in the

'power needed to make the sound-producing mechanism vibrate and second in

the power actually radiated as sound. For example, a large organ may

require a ten kilowatt engine to supply air to its pipes, but th'e; actual

sound radiated would probably be less than 15 watts. What is the effic

iency of such an organ: A pianist playing furiously may use power at a

rate of 200 watts with only about 0.4 watts radiated as sound from the

piano. What is the efficiency in this case?

13. This same sown notes that the human voice is about 1% efficient and

that a bass singing voice radiates about 0.03 watts; how much energy does

a singer put into such a sound: Average speech radiates about 0.00002

watts of radiated power; how muh.energy is put into ordinary speech

/

if

N.

the 1% efficiency f4u-e is valid?

14. The Physics of Music page Ni) gives the measured powe

various musical instruments. Herii is part of that infol

radiated by

tion:
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orchestra of 75 performers (maximum)

bass drum (maximum)

snare drum (maximum)

trombone (maximum)

piano (maximum)

bass saxophone (maximum)

bass tuba (maximum)

Power in watts

70 1
..

25

12

6

0.3

0.2

orchestra 61'75 performers (average) 0.09

flue (maximum) 0.06

bass.voice-(maximum) 0.03

alto voice (maximum) 0.001

average speech 0.000024

0.0000038vio,lin at its softest passage
)

a. That is the ratio of the power of the full orchestra at its maximum

loudness to the,power radiated by a violin at its softest passage?

b. How may people would it take ip an average conversational speech to

w radiate the power of a 100 watt light bulb?
0

t 'c. Although there are enormous differences in the sound power radiations

given in the table above, we dd not perceive, for example, the bass

saxophone,as being 10 times as loud as the bass voice; and the bass

drum as being early 10 times as loud as the bass saxophone and 100

times as loud the bass voice. Instead, every time the sound radi-

ation is multiplied by a factor of ten, our perception of the sound

/ goes up by about a single step. Hence, we perceive the bass a,co-

phone as being about twice as loud as the bass voice; the s drum

as.being about 3 times as loud. This is an example where perception

of the intensity of a stimulus is proportional not to the stimulus

itself but to a so-called logarit;un of the stimulus. This is also

more or less true for such other sensationl as pressure and sight.
I

This is very nicely explained in The Physigs of Music on pages 34-41,

which also explains measures such as "decibels" used by sound engine-
.

ers. Thus t e sensation one.gets from various spurces depends upon

1

the "order o 'magnitude" of pov,:rer; once way to make the comparisons is

td convert t, "scientific notation" and then look at the expo ent

that goes with the ten. Use scientific notation to make comparisons

i among the ways we may perceiye various sound listed in the table

aboye.
-..

/
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4
15. Here are some tidbits of information from thAchapter on energy in th'

) Odd Book of Data:

a. 'Meet present average daily'energy consumptiqn per ca a is equivat

lent to about 5. kilograms (11.4 pounds) of coal. This includes the,

equivalent.of 0.46 kilograms of coal (2500 kilocalories) as food.and

4.80 kilograms of coal (33000 kilocalories) for power.
0

b. 0.2 kilograms (0.45 pounds) of coal (about a handful) is equivalent

t' = ' to about 0.16 liters (0.04 gallons) of oil (about a glassful)'.
5

c. Sugar fag about half as many calories as coal.

d. An electric power station serving a city of about a half million

people would need a capacity of about 250 megawatts (million watts).
.L .

e. At 33% efficiency this.250 Megawatt generating plant can.be run by

10 kilograms of coal4for =seconds; 10 kilogram of Uranium 235
- 3

(fission) for 13 days; 10 kilograms of hydrogen (fusion) for three

months; 10 kilograms of matter via direct conversion'to energy for

50 years.

With such information, the Odd Book of beta does a number of very inter-- -
esting comparisons and produces a number of interesting facts. Try your

hand at inventing some such exercIse, resulting in either "odd data" or

problems 4iich at would be suitable for this book.- ..,

3.7 Approximations and.Rules oeThr.mb

It frlquently happens in everyday life thdt you want to find cut the

approximate measure of st,mething without having measurthg instruments at hand.,

Here are some suggestions to get you started on finding ways to do such t ings

without instruments. In each case you are to try to extend the ways of find-

ing approximate measures and check out ones you are given and the one you

invent to see how accurate they are and how well you are able to use theml'in
o

praeticll situations.
1

Ilroblem:Set 3.7

1. A handy

"pace."

way to measure rooms and buildings and plots of land is b. a

Most people can calibrate themselves so they can step f 'about

1 yard '47ith each pace. If less or more than th,s is more cdmf table to

1
V

you, okay, but pract,le, until you know what your pace is and can use it.

The bodj measures given in the diagram in an earlier section are also

very usful; fror4 the tip of the nose to the end of the finger tip, about

85
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a yard; between two knuckles, about an in..h; the span of your hand, what-

ever it is; and so on. Lines in sidewalks are frequently spaced 5 feet

apart. The height of the ceiling in most houses is about 8 feet. A

brick is about 8 Indies long; concrete blocks are often 1 foot long;

floor tiles are usually hither 9 inches or 1 foot on each side; ceiling.

tiles are UsUally 1 foot on a side. (Ceiling and floor tiles, of course,

give you the means to get both linear and area measures.) The standard
a

door height in residential construction is usually 6 feet 8 inches, and

in commercial construction, often 7 feet. A compact car is aboui15 feet

long, larger cars range up to a maximum of about 20 feet long. Most cars
1

are about 6 feet wide. A city blot.., is often TI mile. In most hoUses the

wooden "stUds", On which the walls are nailedw:e spaced 16 inches apart,

so if You can find one stud by some means or other, you can usually find

the others by measurink from that 6ne. Find some other everyday instances

of standard measures and figure out some uses for theM.

2. :ne can frequently find an otherwise inaccessible length by measufiog
. -

angles and some length easy "..o get at; then making a joaleAlswing, or
.."(;:,* ;

applying similar triangles or trigonometry. DR:a-everel. 3t2Ch indirect
4: I

measure problem's; 'for example, the height of,ygyr4c76p61 or its flagpole.
, A ir.;',/ -

,3.. According fo Mathematics in Everyday Thidef,. :ibtliiQde one eye, hold

your arm o straight from you and pe'r614 ground, and tilt your

:hand iso sc the palm is away from you, you leye will subtend an angle of

4,* , ebotif .?" in sighting first on one side* your hand at the second knuckle,
/

Z::f;',,-,...then,on the other side. Calibrate.you "self and see if it really is about

a° by standing in the corner of 3 'room and seeing how many "hand width

angles" .t takes to measure the right angle. Use this th estimate angles

pirdoing,several indirect measure problems as intheyroblem just above.

) ; :

-
. tt:4,;ngiliestR'hnd artillery mPn define a "mil" as,an angle which subtends

. .

?one :11(z)e a distance of 1C yards (or one of any unit at a distance

j of 'an;ts): According to Mathematics in-Everyday Things if you

stretch ,..ydur arm and di ht across fl:rrst one side of a finger,

then the .other side,'an ind x finger usually measures about 140 mil; c-
, 4

.
and Tinger, eC mil; third finger, 35 mil; and the little finger 30 mil;

with all four fingers, bout 14`,. mil. Hence to measure the height of,

say, your schol ruilld'ng, you could walk yards away from it, see

how many mill from top to)ottom of th> hi. king are measured off kr

your fingers at the end of yOur outstretcht arm, and do the appropriate
1

calculaticns rin this -ase Tu of a yard or every mil--why':). Try this.
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When the Lilliputians measure Gulliver.for clothes in G.ulliver's Travels,
. -

they measure his thumb and then apply a rule that "twice around 'the th

is once around the-wrist, and so on to the neck and waist. . ." Checks-

this ifule on, yourself_ and on some-friends. . .

6. If yon are laying out a building or making a picture frame or any other

application where-you need a right angle, you can get one_:)y measuring 4

units_ (.inches or feet or yards or whatever) on one side of whei.you, are

.building, 3 units domuanother side, and then adjusting the 2 sidei'until

it is 5 units from the 4 unit mark diagonally across to the 3 unit mark.

(You can also use 6, 8, 10 'or any

other multiple of 3, 4, 5.) Since

it livery common to need angles in

constructing buildings this tech-

nique is used quite often in the

building trades. 14h4does it ork?

. . .

J
3.

7.; The volume of an object'can very - p_ften be cal,nalated by making an approx-
`,.

mathematical model of its shape, and.using stgRdard/formulas on the

model to compute the voluale. The volume of very irregular objects ,lan be

found ;if they are small enough) by dunking them in water and measuring

the amount of water displaced. For example, one could put a container, ,

filled tO._the brim with water inside a larger container, then completely

immerse the object, then measure the amount of water that spilled colt

of the small co&atner into the large container. In this case one might

very well want to have some way of converting pints, quarts, or cubs df

water into more standard volume measures, such as cubic inches. 4evise
/

'

a rule of thumb which heipi you convert from pints into cubic inches and

/ from gallons to cubic feet. ,

I

$. Even the volume of very large irregular objects can be found by water

di':,,Lacementif you have an accurate scale model of it. Tn thit case,

however, yOu must remember that the ratio of volutes is as the cube of ,

the ratio of linear dimension, so that the volume of a model built two
1

scale will be only 34- of the volume of the origipal object. Why shN10

this be? deck it out by immersing a medium sized doll proportioned

about like the human body in vater%cmeasuring the'aMount of water dis-

place d,;Ell then CINSIng the appropriate 2alculatio using the height of

the doll compared t neight. :ou migh vent to tarry this one

step further by checking to 4ree if this estimated volume more or less

checks out with your weight. (Since you float in water, your weight is

.
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less than "a pint a pound," but this approximation is still rather close.)
. %

9. On a typewriter, "elite" type has 12kletters to the inch; "pica" type
0 \

has ten letters to the - inch; and typed copy usually has about six lines

to the inch. Average word length is usually about five letters or six

spaces including the space bet,:een words. (check that out by co ting

words;. --letterel-ard-he-three lines of print above.) Allowing

one inch margins all around on standard typing paper, estimate aboUt how

many double spaced types pages will be required for7a 1000 word theme.

10 The speed that sound travels through air is affected by several factiirs,

including temperature, but, roughly speaking, it is about 1000 fee0Per

second. The speed of light, cn the other hand,,is about 186,000 miles.
,--.r_

per second. With this informatiori, de'vise a rule of thumb for telling..--"

about how far away a lightning flash is by estimating the time beti:reen

When you see it and when you hear the thunder it produces.

11. Frequently, a close enough approximation "for practical purposei" can be
A

found just by estimating tkle power of ten orrorder of magnitude involved;

for example, expenditures cf b1ll16ns of dollars on behalf of millions of

people.. rook cf Data has some very nice approximations of this

kind all through it; here is one: he human eardrum has a surface area

of approximately 1 square centimeter so that only a very tiny fractio, of

power coming from 1 sourcelof sound strikes our eardrum.. (For a mathe-

matioal Model, ,.:ink of the sound source as the center -of a series of

expanding concentric spheres, r.ith a one centimeter square ongthe surface
-

of these 4:.eres. :ne surface of the sphere reptesents the way the sound

power is distributed-at various distances ft'om its source and the centi-

meter square tat part of the sound power that al-Teets our ear.) Our

ears are incredibly sensitive, being abfe to perceive sound waves with
4

power of only 1, watts cf power actually impinging on the eardrum.

, :Te =jd cook of Data says that if our ears were only slightly more sen-

sitive we could rear the background noise of collisions of molecules in

the ai., . \s noted earlier, about a ten-fold increase in the power-of

the sound .,ource increases one stet our perception of loudness. Start-

. ------------
ing- at the.t.i'eshhold of hearing 10 watts) and visiting 10 locations,

each of whicr. would represent about a ten-fold increase in the power of

the sound, you might\go tc the following places:

a. a mea.,-- rri th ,.;rass faintly rustled in a gentle breeze

b. the ce of a, deserted city park
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c. a street cloge to traffic

d. a large city square with background traffic hum

e. about 50 yards from a busy highway

ti

f. inside a large department store

g. a sidewalk outside the store right next to a street in the midst of

rush hour traffic

-.

h. right next to a railroad viaduct

i. near a powerful motorcycle

j. across-the street-from a pneumatic drill, ;

'This last level of noise could damage the eardrum if we were exposed to

it for a Tong period of time or regularly everyday, but one would need

to make roux more such ten-fold jumps before we would reach the "thresh-

hold of pain," that is, the level at which we would experience' real pain

and likely daMage. This is about, the level of sound next to a modern'

jet airplane; which is why ground personnel at airports wear sound-proof

earmuffs. Investigate what the relative noise level is at various places

you might visit or work in. Find out what is meant by the "damage-risk

limit"; that is, the noise level which leaftto damage to ears extqed to

it continuously. Compare various noisy-places in the everyday living or

working environment that may exeede this level. For example, find out if

recent statements that the noise level at a rock concert excedes the

"damage=rtsk limit" have some'validity or not.

12. A brand new nickel Weighs 5.0 grams; a brand new penny weighs 3.1 grams.

As you have already computed, an avoirdupois ounce is about the same as

28.53 grams Suppose you wanted to use'new nickels and pennies in some

combination to "calibrate" a weighing scale. What combination of nickels

and pennies would weighs close to one-half ounce? One ounce? Two oeces?

About :how manynicke., to weigh one pound? How many pennies would weigh

about one pound?

5.8 Measures in Building and Printing Trades

Arithmetic, rudimentary geometry, trigonometry, and sometimes even fancier

mathematical tools are inccommon use in the work of the world. Here is some

information about various trades and the computations that apply to them. The

sizes used are pretty standard and don't change much, but the prices. may be.
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wrong for the area you are.in, orthey may be out of date. What you are to

ao is to study the informatiop given in each of the numbered items below and'.

then to ask some questions that a worker in that field might want answered or

a one owner might want to answer. You may then want to go on and answer the

questions yourself. Appropriate questions might revolve around the amount of

material needed (allow something for waste--perhaps 10%), or the estimated

cost of doing a certain job. In some cases the weight of materials and the

amount that can be lifted by workmen is important. Much of the information

.given here is frdm Applied Mathematics.

Problem Set 3,8

1. The walls of the room that you are in probably consist of either "lath"

covered by plaster, or sheets of material which amount to plaster sand-
. 1 .

wiches covered by paper. There are two kinds of lath in common use,

$gypsum lath and metal lath. Gypsum lath is usually thick in

pieces 16" x 48", with 6 piecesperbundle. Cost per bundle is about

$1.60. One uses aboUt 16 nail s per Tiece in nailing it on.

2. Standard metal lath is-usually 27ti' x 96"and comes in a'2.5 pound per

square yard weight for walls and 3.4 pounds per square yard weight for

ceilings. It comes in bundles of 10 pieces covering a 180 square feet

at.prices of $40.00 to $67.50 per bundle. It is attached with fourpenny

.nails about,every six inches on each stud and a skilled workman can cover

about 1G square Yards (with no ccnplications) in an 8 hour day at wages

(1972) of $5 8 per hour.

5.

1.
toPlastering is done in 3 coats on metal lath to a thickness of 2,

..,. '

1"

and often in ,2 coats ..on gypsum lath with a.usual thickness of u .

4.
1. 0

0
. m

Common brick is 3, ' x 217 x . The amount of wall space that can be

covered by bricks depends on how thick the mortar bond is between the
1

row 7.
s of bricks and at the ends of the bricks; obviously, with a thick

.1
mortar bond you will need fewer bricks than, with a T; mortar bond. (A

. 11
T4 mortar bond means all around each brick; hence, the joint between,

bricks is
1.

thick ) This makes quiCe difference; for example, with
.

a mor- tar joint of .E all around each brick, one needs about 698 bricks

to cover 1C.) sq. ft., but with a mortar joint of
lu

one only needs about

616 bricks; in both cases for a wall one brick thick: (You might try to

figure out how the numbers 698 and 616 were arrived at and if they are

correct.)

5. Roofing is frequently done with "three tab" strip shingles that are each

90 .
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.Z.- --- ,
e

36" x.12", but they overlap on the roof, and only 1,...of the'ITI.ii6hes are
..,.:,..;,11....,,, :

.,., ,.... actually exposed to the' weather. overlap,ther. With that overlap how uriinj layers of
....---.---v., , t

shingle are thereff(t any point on a finished,,,tbof? Each such shingle is

secured by 6 nai1s. The 'unit used in rpofing is the "square" which me-ans
/

, -
100 square feet of finished roof. r4,-1 selling strip shi. Les al square of

.

shingles means enough dithgles Wfinish a square of roof The roofing

,
felt often used uncldrIMOCW01141es cosies in rolls that:are 3 feet

,-.,_`-:!_
,.-.,

wide by ,].44 feet lon'g,'-oestiw-about $11 per roll and secured with about
- 'iez, , -*,r/

.,
1

2 pound of nails perfMti: A square of felt weighs 15 pounds. Nails

cost about 2O.0O p0aPi6Vimgas. The cost of "three tab" strip shingled
W7.7=fjtk ,..'"

made of asphaloilt.,$815641equarei. a,s-duare weighs about 210 pounds.
. ,,, , ,..,t .1' c
A carpenter oroofer ciAnsEarl a square of roofing in abOut 2 hours on

'.. n
an ordinary roof. CarAters' wages are similar to lather wages given in

item 2. ,
/

6. Wall paper comes in single rolls sithat are 18" wide and 24 feet long and
, , /,1

in double rolls that are 18" wide 48 feet long. The cost ranges from

$.75 to $20.06 per single roll.

)

7.. In figuring the cost of a painting job, one must of course consider the
10,

area to be paint, the coverage of paint, the cost of paint, and the

painter's wages. For figuring area, you'Te on your own. The coverage

of paint is çrequently given on the 3,ebel; on wood some common coverages

are 450 qdre feet per gallon for the first coat and 500 to 600.square_

feet pe gallon for second and third coats. Gendrally speaking, one can

preterf that there are no win ows and doors (in order to compensate for

. waste) unless a large proport on of the.area to be covered consists of

windows,' doors, and other things that are not to'be painted. ,

- 1
8. The paper you are working on' is probably 8, ' x 11" and you may have

2

worked on 3 x 5 or 4 x 6 or 5 x 8 cards taking notes for an assignment.

Books tend to come in4 several standard sizes. The reason thpt the same

paper sizes come up A so many places is that they are cut from standard

size. larger sheets. A common problem for a printer, paper retailer, or

wholesaler is to figure out the most efficient way to print and cut

paperswith the least waste. See if you can recognize in the informati/ on

that follows how some common sizes of paper may have been cut.

a. Although there are many kinds of paper, the following cover the

majority of basic sizes: Newsprint 25" x 38"; book paper 25" x 38";

1 1,
cardboard

,-f' x 3O'; blotting paper 19" x 24"; bond 17" x 22" and

paper for covers 20" x 26". Paper has a grain running in one direc-
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4,1,.

tfish.and it as easier to fold or tear the paper lith the grain than

,against the grain. (Verify this.)
r

Jt

-b. ""tandard specification's are given in Blisic sizes with available

weights per ream. (A ream is 500 sheets.) For example, this might

be the listing:

Basis.17 x.22 -. 16 20 24

__!"--1
,

This:Means the basic size for that paper is 17" x 22" and it comes
..-- -. ,..

...- ,;--

at,46;;:.20, or .24 pounds per ream of 17" x 22" sheets. ,, What
i
mould 'be'

1 ,i. ,
.

....7-'20- -
the actual weight perream of 87x 11 paper cut out from 20 Pound__

''

''- 4 rte-V n 22 stock? The underlining gives,, the dimension along whicii the
.., ...,,,etr'47' '' ,

gran runs.

.9. For composing and la3'.ng out type we use a system approved in' the
1

year 1886. A point is very nearly r,
12

of an inch (exactly 0.13837
1

inches). Twelve
1

points is one pica; six points is pica, or one

nonpareil. The common type sizes in terms of points are 6, 8, 10,

12, 14, 18, 24, 30, 36, 42, 8, 60, and 72. Figure out.how,.high'

(in inches)* each of the common type faces is. Which one is_nearest
,

to the sizeof type used in this book? What about newspaper print?

What about newspaper headlines of various sizes?

d. Ifou were laying out a page to be setup in type, you would need

'know the dimensions of the space you wanted covered and of the type

you were going to use, in ordl to estimate c%tain tI?ings about the

layout. For spacing between words and between lines, the printer

uses spacers called "'leads" which are defined by how thick they are,

measured in points. The unit of area in printing is the "em," Which,

is the area taken up by the capi al letter "M" in whatevetype size,

is being used; this is because t e M is very neatly a square. The

area actually covered by print d pends on whether it is "type set

solid!: or with leads between lines.

92.

/ 0 9
A

4 ,

16.;;,-:



Chapter IV

FORMULAS AS MkTHEMATICAL MODELS

As a preface to the first section of this book ue talked about how one

uses,mathematics in everyday affairs by formulating mathematical models. Just

as a reminder of what is involvednere, consider carefully the following quo-

kation:

What is,a Mathematical Model? The scientist makes observations
and experiments and then "tries to construct a theory to fit his results
Tilii'theory often takes the form of a mathematical model, say an equa-
tiori, which enables the scieritist to summarize-his results and to pre

,diet the outcome olf new observations and experiments. Such a model is

a substitute for reality and is simple to work with. Usually it rep-

s reents an idealization in the sense that the model does not'fit the
-

facts with absOlute precision. The fit should be close enough...that
description and predictioryweiccurate enough for practical purposes.

,
("Mathematical Mddels of Growth and Decay")

You will remember from our earlier discussion that in using a mathematical

model you must also.be aware of what "simplifying assumptions" were made in

setting it up and that any results that you'get fraom using such a model must

be tested back, in the world of reality.

4.i Area and Volume Formulas

t4-
Most of the models we have dealt with so far, in this book have involved

more or less direct use'of numbers in arithmetic calculations, or with meas-

ures, or with coordinates. We have already s, en the many ways in which

"leasure" enters into our everyday lives and Laps us investigate and describe

the world we live in. In using mathematical models to invest...bate our world,

a frequent result is a "formula" using several variables to express the re-
,

lationships among measured, quantities. For example, we seldom measure area

directly by counting a certain number of square units; usually we measure

certain linear dimensions and then vse multiplication to get the area, as

when we measure the length and the width of a rectangular room and then use

the formula A = lw to'find its area. The usefulness of using formulas is even

more apparent in the case of the areas of circles, wheiew"eno if one wanted to

go to the trouble of marking off square units and counting them, it would, be

difficult to accurately approximite the area beca se of the circular boundar-

t
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des.,4ris easy, however, to measure the radius (r) of a circle and use the
------ f ,

!
formula A = nr2 to find the area. Even more difficult to find "directly,"

, .

/

but eaSY,tocalaulate using a formula model, is the surface area of a sphere;

one measures ttle radius of the sphere and then uses the formula A = 4nr
2

.

Problem Set 4,1

1. Here are some formulas for area:

1

w

b,

h'

ReCtangle: A = lw

Parallelogram: A = bh

Triangle:

Trapezoid:

Circle:

Ellipse:

A =
1
bh

2

A
=2 (B +
2

A = :a.
2

A = r
2

.

Surface of Sphere: A = 4gr
2

Surface of Right Circular Cone

(not including base): A = nrl



a. Starting with a rectangle as being the basic kind of area figure,

make sketches and see if you can figure out how the other common

area formulas are derived, for example, by cutting up a parallelogram

to make it into / rectangle and, observing that any triangle is just

half of some parallelogram (orhal:f of a rectangle if it is a right

triangle). Can you somehow At up and reassemble a trapezoid and try

_ to fit it into the scheme? Can you see from the diagraM below how it

would be posgible,to cut up a circle into very many pie- shaped pieces

that could be fitted together to be approximately a rectangle with

half the circumference .(-
1

of 2,ir) for the base and the radius for the
2

height and hence have area of about nr x r or or
2
?

Can you, see how by unrolling a cylinder in to a rectangle it'would

have the circumference,of the circular base as one dimension and the

height of the cylinder as the other? Try this last by rolling up a

piece of paper into a cylinder andjhen unrolling it. .

b. Use the area formulas that are given to approximate the surface area

of your own body by modeling your head as a sphere; arms nd legs

and body as cylinder'

c. Use the area formula given to find the area of a number of things

aroun d you; try to fi\nd dome fairly irregular shaped things that can

be approximated by di iding t11,em up into a series of shapes that you

can find the area of.

The,fact tnat "A," "b, ' "h," and other.lettera appear in a number

of different formulas bove illustrates one of the hazards of using

formulas. There are only a'limited number of letters in the English
.

alphabcet available to (twenty-six capital and twenty-six lower

case symbols), so they et ¶ised over and over again in formula models,

and they don't always mean the same thing. Try to find some other

formulas in common use,dhichuse the letters "A,"."b," "h," "r," "1,".

"w" in ways that are not closely related to their use in the formulas

above. ')

e. I find it surprising that the surface of It sphere is exactly 4 times

the area of a circle with the same radius. Do you? Can you think of
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any reason why this should be?

-7;

f. Start with a circular disk of paper and make a right circular cone,

then unroll itaandsee if you can figure out froM the flat shape why

it should have the area formula that it does:

Comment: Notice that in all of the areas above, you end up either Alt-

iplying two linear dimensions together (in the case of the trapazoid you first

have to find the average length of two bases) or by squaring one of the dim-

ensions. As a matter of fact, aret7eaAlations nearly always come down to
$

multiplication of two linear'dimensions or squaring of a single dimension.

(It may happen that to -get a surface area several such products are added.

Store this bit of information away'for use in a later section of this book.)

2. Here are some'formulas for volume: .1

Rectangular "Ba"r, V = lwh

Cylinder: V = gr2h

Circular Cone:

Sphere:

1 .

V =
3
- r

2
n

4
V =

3
r
3

4
Ellipsoid: V =

5
abc

(a, b, c the semiaxes)

I

a. Model your own'volUme as you did your own surface area above by con-

sidering your head as a sphere, and your va'rious body parts as a

series of connected cylinders. With this figure for your volume and
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the figure for your weight, figure out your density. Compare this

with the density of water. Water weighs about 62.4 pounds per cubic

foot.) Except for the air spaces in your lungs, your body'is fairly

solialy.filled up; do you suppose your density, would still be such

that you would float in water if it were not for the air spaces pro-
.

aided by your lungs? Find the approximate volume of your lungs, and

re-compute your density with this space deleted.

b. Observe again that letters are used here in a variety of ways. Again,

find the places where the letters in the formulas above are used in

.other formulas which have little or nothing to do with volume or area.

Comment: Observe that in the f7Mulas for volume we always seem to be

multiplying together three linear dimensions; squaring one linear dimension,,

then multiplying it by another linear dimension; or cubing one linear-dimens-

ion. In fact, volume is characterized by being the product of three linear

diMensitns. Store this information away'for use in later sections.

3. Here are 21more formulas by which you can get the area of a triangle in-

. .diectly: the first by merely measuring the lengths of the sides of the

triangle; the second (and less practical) by knowing the lengths of the

'sides of a triangle and the radius of.a circle through the 3 vertices of

the triangle ('is there always such a circle?).

%
Heron's Formulas

//

Alraw some triangles, preferably on graph paper, and verify that the
.1

formulas work by finding the area with these formulas and also with the

standard formula. If you don't knowchow to find the center of a circle

that goes through three points, you may want, to check out the second

formula.by first drawing the circle; and then drawing a triangle by

selecting three points on the circle. See if you can find some pratical

situations involving triangular shapes; make the measurements, and find

A = IS (S- i(S- b)(S -c)

,

where S =
1

(a b + c) and

a, b, and c are lengths of

the sides.'

abc
A = 7T7

where R is the radius c.

the-circumscribed circle.

t
a.
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the area by the first of the two formulas. If you have had enough alge-

bra and geometry, try to figure out where Heron's formulas came from;

that is, derive them using other facts cf geometry and algebraic manipu-

lation( Observe that the first 'formula 4iColves'thultiplying together

four. lengths and then taking the square roct/ef.hc- product, so in effect,

our general rule that area involves "squaring" one length multiplica-

s't'ion of two lengths, is not violated. Comment on whether the second

formula fits this general picture of area as basically involving multi-
',

plication of two, lengths.

4. An interesting extension of Heron's formula to the case ofa quadrilateral

inscribed in a circle is given below:

-

A =./(S-a)(S-b)(S-c)(S-d)

where S
1

(a= a 4- 13'4- c d)

Draw such a quadrilateral On graph paper and verify that the fOrmula will

work. observe that if a triangle were considered to be a "quadrilateral"

wit1 one of the "four sides" of zcro length, then this formula would

exactly give yop the formula in probleth 3. ,How else could you find the

area qta (convex) quadrilateral that is not a recanfle or a parallelo-

gram or a trapezoid: Would an appropriate "Heron' formula" work foi a

five-sided figuie inscribed in a circle?
2

5. It is very common to measure quantities "indirectly.0 For example, temp-
.

erature id often measured by.Measuring a length, namely, the height\of

mercury or some other liquid in an enclosed tube. &mid you tell "ftrect-

ly" whether the outside temperature were 650 F (fahrenheit) or 600 F: or

if your body temperature were 990 F instead of the "normal" body temper-

attire of 98.60 F? Find and list as many other measures as you can that

are determined not "directly" but by measuring a length, volume, deflec-

tion of a needle a certain number of degrees, or by some other means. If

anybody you know has an automobile that still has a full scale instrument

panel instead of the type'that car buffs refer to as "idiot lights"

(lightsChich flash on when some disaster is impending, such as "out of

oil," but do not give continuous readings of such things as oil pressure

and temperature), see how many things on that panel are indirect measures

of something quite different from what is actually being read. If cars

interest you, try to find out what the mechanism is that converts what is

going orrin the engine into a measure on a dial.
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'6. We can often assess the relationships among-variables in a formula by

assigning "constant" values to one or more variables and then observing-

what happens as other variables change in value. For,example, in A = iw

(area of a rectangle), if the length (base) is assigned a constant value,

then it( is easy O,see that the area gets larger as the width (or height)

increases and gets. smaller as the width decreases. Investilpte the re-
..

lationship's. among the variables in the other forMulas above, tnen store

th'is information away- as one way of coming to terms with the fOrmulas

the section's that will follow.

4.2 Variables, Constants, Careflul'Substitutions in Formulas

In Vsingformulas it is very important to make sure,you know what each

letter (variable) in the formula means and what:tie.appropriate replacements

ror it are. Hence, when a'formula, is given, each of the variable& should be

clearly defined and the units that go with the meastrements that replace each

variable should,be specified. Here are some problems illulstr ng this point.
1

Problem Set 4.2a
c.

,
1. A method wfor finding the day ot the eek for anidatebased on burcur--

,

rent calendar follows:

Given:, d = the day of the'month of the giVen date

m = the n6mSeli of the month in the Year:with January regarded1

as the thirteenth month and February the fourteenth month

of the previous year (for axample, 2-13-1972 = 14-13-1971)

y --.'the year

A,

Cotpute: W = d + 2m + (2(12111) + y + (E] + (.4J(Y55) + 2
-5 4 . 100

(Each,expresaior<in'b'rackets means the integer part of the quotient; for

example, (2e) =

.Then the remainder, when W is divided by 7, is the day of the week of any

given date, with Sunday the first day of the week, and Saturday the

seventh or zero day(since 7 = 0, mod 7). (From A Source Book of-

Applications, page 103.) Figure out the day of the week you were born

on, and the day of the week Your birthday will be on three years from

now. There are many places to go astray in this formula, but if you

work it out carefully, exactly according to the definitions of the vari-

ables, you will find that it always works, for datesgiven by our current

calendar. The occtirence of leap years affects which day of the week a
.

given date will fall on; can you see what in the formula takes care Of
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that? Try-to figure out what is the contributiOn.of each of the various

parts of this formula to the problem at hand.

2. Here is part-of a simple econometric model of the United States based

on data from before World War II and developed by Professor L. R. Klein:
.

a. C = 16.8 + .02P +-.23P + !8(w
1 L 2 ;1

This equation relat9s consumption (inrOalions of dollars) with prof-

its this year (P) and the year before (P1) and withwages in the

private economy (W1) and weges paid by tile government (f4p.._.....4:.

t-

b. I = 17.8 + .23P + .55P1 - .15K, 4.15K1

This equation relates investment with profit this year and the year

before and with the stock of capital at the end of the previous year

c.

(Kr).

Wi= 1.6 + .42X + .1611 ± .13(t - 1931)
. .

This equation relates wages paid by private

this year (X); production the previous year

stated numerically (t).

d. X = C + I + d

This equation states that the production of a given year is divided

between -comsumption, investment, all,the portionjused by ,government.

(Harry Schwartz, "erica the Mathematized," New York TiMes',Nov. 7,

employers with production

(Xi), and the actual year
,

1969.)
A

Comments- and questions on the above model: Notice that the formulas are

not independent; that is, some of the variables that appear in. the first

formula also appear, in the second and suca4:ding formulas. All the vari-

ables except "t" apparently have billions of dollars as the appropriates

,unit r replacement: Notice that many of the variable have a "coeffic-'

Tent" preceding them; far example, in the first one the coefficiert of

.-"P'° is .02, the coefficient of "Cr is .23 and so on. The coefficient ,

1

gives a sort of "weighting" to each of the variables and gives you some

idea of their relative importance. ; Notice that many of the formulas

begin with a constant figure:6ot attached to any variables. This suggests

that even if the variables in the formula had the value of zero, there

would still be something going on in the economy. The coefficient of

"(t - 1931)" in formula C suggests that there has been a 13% increase in

wages for every year since 1931. Try to interpret Some of the other com-

ponents of the formulas above. It may be a little hard to manage, but

you migl- try to get appropriate information for a recent year on profits,



...WageSs!Ah.d.the
.

like, and check out whether the model works pretty well.
;.1..4.

,MatheM
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atics in Everxday.Things tellsus that, for psychological reasoAs,
ll

it-haebecame popular for merchants to inflat%list prices in order to be

able 'to 'offer 1 ge "discounts." Suppose that:

p, d the fraction of the abtual, selling price which
,

.

0' the dealer will keep as profit ,

.r d = the fraction of the list price which the

_dealer'will deduct as the discount

-C = the wholesale cost 6 the dealer
4

S = the 'actual selling price

#

L= Uri list price to yield S after discount d ft

The merchant then uses a double-markup procedure.. His first markup is

computed' on the basis of the groSs prOfit on actual selling price. He
4

firstadds the profit he wishes to make to the wholesale cost C to get
ao

the actual sel ng price S4 Since p was defined abbve as the fraction

of S which wi be profit, the amountyof profit will be p x S. There-'

,fore, we have the formula pS + C = 0,Wbich-can'be changed to the form

S = 1by simple algebraic manipulations.--p

The merchant then calculated pie list price L so that when the dis-

cauht-is made,, it gill idaVe the actual selling price S that was calculat-

ed :ss in the preceding paragtaph. Since d is the fraction,a. L which

will be discounted, dL is the amount of the discount. Therefore, we have
.S . .

the formula L - dL = S, which can be changed to L = --; combining this-
,

- -
C

1-d -

result with the first formula we get L - -0...p)(1.4)--.-..This looks cam- ,

,plicated but it is easy to apply. Figure aut what price tag you would

put on a transistor radio costing you 0-Wholesale on .which you want to

make a profit of 30% on actual selling price and that you want to adver-
/

tise as being sold at "40% DISCOUNT!" It is..reporte4 that some manufac-

turers print many differenty"suggested retail" price tags for the same

article, thus enablingathe retailer to use the one most in line with hi* 4"

-own discount policy.

In the econometric problem above we observed that the "coefficient"

attached to-a variable often indicates the importance of that variable in the'

model. Another :ay of judging the influence of the given variable in a form-
.

of .

ula model is to observe where it comes in the structure of the formula and

hence how much influence charging its value has. For example, in the formula

101
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P = 2i_versu shthe iformula P = i2, replacement of i by 10 yields a value for P.

Of 20 in'P = 2i,\ butbut of 100 in P = Similarly, i has more important in-
.

fluenee in the formula P ='2i than in the formula P = 2 + i. The next prottem.
\

set gives some more subtle instances of how the structure of a formula can

det6rudne the influence of a 'given varloble:

Problem Set 4.2b
*/

4

Einstein's relativity theories have some re er curious and paradoxical

,consequ nces. One of them is the speculatiou that if:a man were to take

a trip i ,a spaceship traveling at near the speed of light (about 186,000

ojnilea per second) he,would travel for many years in spice, and oil return

to earth, hi friends would have grown old by earth time, but he could

appear to have aged very little. The closer he could come to traveling

at the speed of light,the'less 1fe would appear to have aged. It we take'

t as elapsed time relative to such a spaceship, T as earth time, c as

speed'of light (about 186,000 miles pelfsecond), and v as the speed

4velocity) at.which the spaceship travels, then the relationship between

the space'ship time experienced by the space traveler anda eearth time is

approximately given bg the following formula: (We are ignoring the

periods of acceleration to speed v and deceleration in slowing down to

land,)

t = T Vil -.0cf.)2

a. In the structure of this fan:mil-it is clearly the ratio of the

velocity you are-traveling at to the speed of light that is the

Lim o'rtiff thing. You must be sure that the two speeds are in the

same units; for example, both in terms of miles per second. crow

many miles per second would ordinary automobile speeds of 60 miles

per hour be? If that value were substituted into the formula, would

it make t different fiom T in any but a very small amount?

b. The speed of a space capsule such -as we use in traveling to the moon

reaches about 18,000 miles per hour,. How many miles per second is

that? Does such a peed have much effect in the formula; that is,

,,, do our moon tronaUtScome back from,their trips muchyounger-than

if,they had stayed on earth?

c. Any ratio such as - can be expressed as a decimal or as a percent;

for example, we could express it as the percent of the speed of

light.. Suppose we could travel at 1% (.01) of the speed of light-.
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a mere 1,860 miles every second. Then the formUla would .be

t = T 1 - (.,01).2. Would trave ink at this speed through pace let
.1 c.

you stay much "younger" than peciple whg Stayed on earth? 2

d. The closest star (other than the sun) is Proxima Centauri, which is
,

about 4 light years, away. (How/ far is a light year?) Suppose of 2

newborn babies, ones put on La spaceship headed for Proxima

Centauri ats99%,,of the speed oil light. If the spaceship headed back

immediately after arrival at tgie star, the.round trip would take

about 8 years, since it is traveling nearly at'the speed of light

, and Proxima Centauri is 4 light yeees away. Using T as 8 and Yi

as .99, we need the value of "t,. In other words, what would be the

apparent age of the spaceshiplbabyl Are you convinced by'now that
I

.

given the structure of this mathematical model of time relationships s

in relativity theory, the variable v has little effect unless it is

very large?

(Ptoblems above were suggested by "On the Clock Paradox in the

Relativity Theol.y.")
.
5

4:5 The Many Uses of Foimulas,with Same Structure: A = BC

Consider the formulas A = lw for the area of a rectangle and D'= rt for

. the distance traveled by something traveling at a given rate for a certain

length of time; for example, 50 miles per hour for 2 hours Will take you 100

miles. From these ixanTles it is clear that formulas can be mathematical
,\ 2

models for very difgprent things and yet be essentially alike im all respects

except possibly the letters used in writing them down. (A technical term for

"essentially alike in structure!' is the word "isomorphic.") All of the form-

ulas given in the next:E5roblem*set will be "isomorphic" to each other And-to

the above two formulas. Another fact we wish you to observe in the following

problem set is that there is a sort of "algebra of units" that can be used on

measurement units as they appear in formulas. For example, in the formula

A =-itw, if and w are both in feet then the answer is in square feet, which.
fr

could-be regarded, just as in algebra, as being 'feet: feet. Similarly, since

miles per hour is a ratio, miles/hour, then in the formula D = rt, one Gould.

write (miles/h6ur) x hours: The hours will "cancel," since one is in the

deiominator and the other a multiplier, and we will be left with simply miles,

which is a proper unit,for Such an algebra of words is frequently
5

aypropriate either for determining the correct,unit for an answer or for checks

ing up on yourself to see if yaulare doing the right thing. If the algebra of
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A

.words gives a ridiculous unit, tlien you are pro ably multiplying or dividing

by the wrong thing. On the other hanci, some of the measures used in science
ra

electricity) are defined in ways th t make it difficult to sort

out this algebra of words, although if one were to trace the words back to

their basic definitions, the algebra always works out. In the work that

follows you should keep trying to do this manipulative algebra of units to

see where It does and doesn't give nice results; being good at such a word

algebra is frequently very useful.

Problem Set 4.3A

1.; D = vt is the formula for distance given the velocity (speed) and time.

(You often see this in algebra books as D = rt, where r means "rate.")

a. Problems in this area are very numerous. If you know even a little

bit,of algebra, you can find any oneof distafice, velocity, or time

if you-know that the other 2 are. Make up a few plausible problems

which. can be solved using the above formula.
4 f

b. In this mathematical model some simplifying assumptions have obviously

been made. For example, we speak of,an automobile traveling at 50

miles per hour for 2 miles, but it is extremely unlikely that the

rate is exactly 50 miles perhOur all of e time, so we must, be

speaking M an average velocity. Are there other simplifying assump-

tions that are made in applying such a formula?

c. The formula D vt givea, for example, theistance in miles traveled

from the starting place in t hours,at v mile per hour. We might

want to consider a case where we have a "head tart," thatsis,'where
4 o-

we are already a certain distance d from a given' place and want the

'total distance. In that case the formula D -=' '+ d
o
might be more

appropriate. Does this make sense to you? For example, if one were

on a cross country automobile trip west from Chicago and starting

out on the second day from Omaha, what would be the appropriate d
o

to. use for keeping track of distance from Chicago at a given miles

per hour for a given time during.the second day?

2. V = at gives the velocity after a certain lapse of time t and at a given,,

acceleration a. For example, automobile specifications and results for

certain kinds of speed contests are sometimes given in the time it takes.

to reach a certain speed. Here are some acceleration time from the

handbook on the MeiTedes Benz model 180A:



O -30 mph

O - 60 mph

5.6 sec.

18.1 sec.

O - 70 mph 28 sec.

40 - 60 mph 10.2 eec.

a. For each of the above find the average acceleration. Clearly this

depends upon change in velocity over a given period of time. Oi'he

iles

secondhour '
units that result might be which can be read as "miles

\

per hour p7 second." :Does that make sense to you?) If you_ are in-

terestr in autamobiles,Jind out if this represents pretty good

. acceleration or if it is relatively slow as automobiles go. /-What

would,a r 411-4.mpr.9give acceleration from 0 to 30 miles per hour
-.!:--- -:, ,....--:.z.,- . e.

be?Fr.cm 0 to 6a miles per hour?

b. 1. 1 the formula were taken literally, a car that was not accelerating

but simply going along at a steady speed,. would have no velocity, fo

the acceleration would be 0 and 0 times anything would be O. Fence,
.,.,

the more useful formula would be of the farm v = vo at,- .where v
o

is the velocity at which the car is already traveling. Here there`

may be,complications in the measure units because velocity is given

in miles per hour; but acceleration usually takes place over seconds

or minutes in an automobile. Suppose someone were cruising along at

40 miles per hour and accelerated at the rate of 50 miles per hour

per minute for a period of 30 seconds. How fast would-he then be

going?

3. In W =°rt we might fie talking about the wages of 011an for t hours at 'r

dollars per hour. What might a formula such as W = rti 1.5rt2 mean? /1.

r -
4. C = np could be total cost of a certain number of articles at a price p

per article. Think up a few problems like this and work them out. The

formula G.= gyp might reflect the cost during a sale. or at a certa dis-

, count; for exam e if there is a 10% reduction n the price of every-

thing in a tore, then one would expect that C = .9npwoup apply to ,

*
whatever one bought. Make up a few problems that appropriatelSr.use form--
ulas of the type C =.np and of the type C = knp.

5. e =,ir is-the so-called "Ohm's Law" and is much used In electrical cir-

cuits, Heree is the electrkal-Pressure given in volts, i is thesur-

rent given in amperes (abbreviated as "amps"), and r is the resistance

given in ohms, to the flow of electricity. A-lisefUl analogy in thinking

A
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scout what is going on in electric 1 circuits is to'think of water in a

hose, with e corresponding to the water pressure, i corresponding to the

amount of water actually flowing, and r to the friction and other resis4P

tance to'flow. Think about how that would work
4and see if the interrela-

tionship between the variables seems to fit the analogy. For example,

-suppose that for a constant flow of water the size of the hose is re-

duced and hence the resistance to the flow increased; this would increase

the water pressure or the force with which water is ejected from the hose.

Similarly, ,)!f the amount of water flowing through a hose were increased

without the size or anything else about the hose changing, this would

very-likely increase the priasiire or tile force with which the water is

ejected from the hose. (In th,se problems bn electricity, a word algebra

with the traditional units (volts, amperes, ohms) -will not work out., All

thtse unitscan be expressed in more basic units so a word algebra could
40

work, but we won't do so here.)

a. Standard house current is usually between 116 and'120\olts; let us

. , .

take as 120.volts for convenience. Fuses or circuit breakers are

put into house wiring circuits to keep the wires from becoming over -

loaded.' What is the:minimum resistance (in the form of irons, toast-
or

ers, etc.) that could be handled by a circuit with a 20 amp fu6e be-
.

fore the fuse would blow out and interrupt the,flow of electricity?

b. Most modern automobiles have 12 volt batteries and generator's (or

alternators) that can supply up to 30 or 40 amperes of current. Hog

little resistance can such a automobile electrical system handle?

c. Do you see why "short circuits" (near zero resistance can cause

y trouble in houses and cars?

d. The amount of current that an electrical wire can safely carry with-

out overheating and possibly causing a fire is pretty much'a function

of its size. From an electrician (or perhaps from a shop teacher in

your school) get some information about how much current common sizes

lof house wiring will,safely carry (two common sizes are number 12

wire a'4 numbei' 14 .ire) and see what this has to do with'the sizes

of fuses or circuit breakers that are put into electrical circuits

in yqur house. If is, of course, unsafe to put in such a large fuse...

.that it is possible to overload the size of wire that is in that

particular electrical circuit.
\

6. Most uses of electricity depend upon the 'amount of power delivered, and

106

1 1 6



far that you use the formula P = el', where power is in watts, e is again
et- "

the presAure in volts, and i is gain the current in amperes.

a. Corisidering again,that,mgst hOUse supplies 120 volts and that

a frequent circuib4;breaker size ,n a house is 15 amps, what is the ,

1 .,* i °
r*-,watts which that circuit would carry?, ttst

appliances:thAt:prOd e heat, suet! as toasters and irons, have power

ratings gf:100,14o:1500 watts; most lights 100 to 200 watts. Can you

see,why it,43 Usually recommended to have one or snore separate dz.-
fr'

cuibs just for the outlets in the kitchen? Compare ,;the power d ands.

of the appliances your parents have irithe kitchen with what m htIni

have been the case, say, 30 years ago. You might ask your parents

to make this comparison.
. '

b. Look at the name plates on several appliances and find gut what their
, .

power requirements are. Then have a look at the fuse box or circuit

breaker panel fdr your house and see how many amperes 51. current are
t

allowed for-the various circuits. Mate some estibate of what aPpli-
., 7.

. .

ances can be hooked up in the various circuits witho4t blowing the

fuses or the circuit breakers. Appliance Are the real problem; how
t ..

many 100 watt bulbs would have to be burning at once in order to draw

the same power as does your toaster or waffle iron?
0 .

1
7. F = ma. says that forge is the produot of the mass of an,obtect and the

,c

acceleration of it. This just reflects your ordinary experience with,

for example, an automobile that is accelerdting and Pushing you back with

.
some force against the seat or decelerating (negative acceleration), where

. you are pitChed forward as if there were,spme force pushing you. Simil-

maximum powerJOAd'i

arly,ewhen an elevator

floor or almost lifted

steady speed, you feel

starts or stops, You feel pressed against th

off the' floor, but when it as traveling at a

essentially nothing.

a. According to the formula, a constant acceleration but an increase

in mass gives an increase in force. Interpret that in terms of your

experience.
e4

b. Similarly, for the same mass, increased acceleration would give in-
/

creased force. Can you from your experience think of situatigns

whereia very small object, hence, a small mass, exerts considerable

force because of rapid acceleration or deceleration?

c. With respect to the 'last question, look into the way,that "atom

smashere work--very tiny masses are involved and enormous velocities

It



resulting in enormous deceleration when they hit their targets.

d. Interpret the differences in the following two events. An automobile

traveling at 40 miles per hour; hitting something solid like the

foundation of a bridge, experiences considerable folzerta-way-tht

least. An automobile travelling at 40 mph #itting the rear of an-

,other automobile, the brakes of which are not on (do that the stop-
s. cn

ping is extended over a longer distance and hence a longer period of

time) experiences considerably less force.'

e. ,AutOmoblle safety experts have said that there would be considerably,

less damAge'in auomobi,le .accidents.if shock- absorbing bumpers_were

installed on all cars; these essentially allow the bumper to move a

Certain distance while travel of.the automobile^iS arrested. What

does this have to do with the forces that will be inflicted on the

automobile?

.

f. As far as the forces involved are concerned, is there any difference.

between acceleration and decceleration?

8. le remarked-earlier in this booklet that the weight of people or or

objects is different on earth than on the moon and even different o

dif ?erent places on earth; for example, one weighs slightly less on the

top of a verY'high mountain than a sea level.- Yet, as we have observed

there is something about people and objects that does not change

no matter where they are located. That something is called mass. Weight

is a force, and the relationship between weight and mass is sspecial

case of the formula just given, namely F = ma. In this case the formula

is W = mg, where W is the weight and g is'acceleratiOn given any object

by forces of gravity. An average value for the acceleration of gravity

on the surface of the earth is about 32 feet per second every second (Or

in terms of a Word algebra, n2 ft./Set.). But in ordinary everyday life

we nearly always report masses as if they were weights. In the system

of units we use (feet the unit for length, seconds the unit for time,

pounds the unit of weight or force), the coriect unit of mass is called

the "slug.." From the formula W = mg, 'we see that one slug of mass weighs

about 32 pounds on the earth's surface.

r .

a. How much do you weigh? idling g as 32 ft /sect, what, is your mass in

slugs?

b. The force of gravity on the surface- of the Moon is about "7' as great

as on the earth, and'hence, the aceeleration of gravity4 g, is also

, "
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F

fi

about z;. Given'the figure you just pbtained for your=mass, and using,

b of 32 ft/sec
2

for the acceleration of gravity, how much would you

111

"weigh" on the moon?

c. The acceleration of gravity, g, on Mars is about ,12,5 ft/set
2
;how

,Much would you weigh on Mars?

d. The differentes in weight of the previous couple of problems would

only be observed if you were weighing yourself on ari"ordinaryspring

resistance scale such as most bathroom scales 'are. If you were

weighing yoursqlf on a balance scale such as is used in Most doctors'.

offices, where weight.is moved along a bar and compared with your

weight, your results would be the Same qn the moon As,on the earth.

Why?

e. The m in the iormuldiF = ma means meas. Suppose a 40100 pound:auto-

mobile were involved in a collision that reduced its velocity from

40 miles per hour to 0 miles per hour in 5 seconds. Figure the mass

of the automobile and the deceleration involved and then find out

how much force is involved in the collision.:

Frequently in using formulas it is useful to change from one form of the

formula to another. "For example, with e = ir, the equivalent version that

gives the current direCtly from the voltage and resistance is i If you .

.haven't had enough ellgebra to see why these two formulas are just two different
,o1W

versions of the same thing, then.skip the next problem set. Otherwise, qontin

ue.

0.

. /

Problem Set 4.3b,

1. For each ofihe formulas of the form A = BC in 'Problem Set 4.4a, imaging

a siAuation,Where you would want some alternate form with another vari-
,s

able isolated. For example, in D = vt you may want to concentrate on .

0
velocity instead of,on distance, and so you would want the form v =

2. One frequently combines two formulas into a single formula. For example
-

thepower fqrmala in problem 6 in Problem Set 4.3a above is P = ei; e is

given by /problemem 5 in that same problem set as e = ir; hence, this sub-
/

siitutiO could belmade: P = ei = (ir)(i)-= i2r. This gives power in

terms of current and resistance to current. In a radio circuit, if the

current s .003 amps (3 milliamps) through a 0,000 ohm resister, what;

power is involved? (Such calculations, are important 'in electronics.),

3. It ought to be possible in a similar way to combine the formulas d = vt
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/
and v-.= at, but the situation is more complicated. The v in v = arep-

resents how fast you are going at the very end of the accelera 'On; you

certainly haven't been going that fast all along. It woul make more

sense to ..:ay that the distance you have gone is the same as if you'd

been traveling at the average velocity for that time period. Since the

velocitAhas increased steadily, the average is obtain adding your.

initial velocity {0 in this easel to your final velocity (at), then

1
dividing by 2. That is, v

avg
=

CO at)
- at :

1 1.
gone is given by d = v

avg
t = (vt) t = 1.Fat

2
. For ad freely falling-

body, acceleration is the acceleration of gravity, which near the surface

<of the earth ,is about 32 ft/sect,, hence for such a freely falling body we

get the familiaormula d' tvia. (32) t2 = 16 t2. HOW tar would a fairly

heavSripbje_;, (i.e., not subject to air resistance and other thIngs ig-

nored by, this mbdel) fall in seconds if dropped from aruffiCient

height? Holr fast would it be going at the'end of the 5 seconds? How

far would the same object fall in 5 seconds if acted upon by moon's

gravity? How :fast WOuld,it'be going?
a .

/4.4 A Potpouri of Formulas

Then the distanCe you've

Formulas often have the useful property of enabling us to pee relation-

ships that, in the real situation, are obs6Vred by too mani,distractions.. For

example a formulamay tell us whether the relationship between two Variables

is.a lirear one, kthe distance one goes in an automobile
0

at 50 miles per hour

is linearly dependent on time: d = 50t) or a quadratic one (the distance in

feet something falls in 5 seconds is approximately given by: d = 16t2). The

formula model may also reveal inverse relationships; that is, relationships

such that if:One of two measures increases the other must decrease. One such

case is whenIthe product of two variplds is a constant, as in vt = 100; an-
100

o..thsr is when a variable is in%a denominator, as in v = -. (Both formulas

give the relationship between time and velocity in going 100 miles.)

AAnumber of formulas are listed below, mainly to indicate how widespread

is the usefulness of such models. The ones listed here are representative of

thousands of such mathematical models in dozens of fields. You are not ex-
.

pected to understand how the formulas were arrived'iat. However, for a number
0

of formulas of your own choice or assigned by your teacher you should respond

to each .of the following:

A. What is related to what,
t>

and how? (linear,,quadratic, cubic, inverse,

inverse S'qaar6, square root, ete°.)

110 .
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B. What measurements are necessary to supply numerical replacements

each of the variables?

t,
C. Wherever posaible; check out the "word algebra" of the units of

foX

measure in the formula.

D. Many of the formulas have'eTK-factor" which adjusts the fo

model to particular situations. When such a "cpnatant" is in a

formula,"consider what "adjustments" it may be intended to make.
I

(For example, in a foXmula for radioactiVe decay, k would be different

for ukanium thafl for carbon; in tha.formulal'Onamonnt Of expansion
$

of something when heated, k would bd'aifferfor copper than foX

iron.)

E. What would be some reasonab,* inputs? Some reasonable outputs? Make

at least, one substitution where you replace all but one of the

ables with numbers and get an output for the.remaining one.

F. What experience, experiments, etc., might have led to the formulation

of this model?

I

G. What are some of the simplifying assumptibns inherent in the model?

That is, what things about,the actual situation are being-ijnored?

Under what circumstances,' if any, would the'simplifying assumptions

not be valid? (For example the "falling body formula" S = 16t2

ignores air resistance and many other things, yet in most cases tells
.

very accurately how far something in free fall will travel in a given

time. But if air resistance were truly unimportan , sky-diving with

parachutes would not be a very popularsport.)

Problem Set 4.4

1. One big problem that engineers face in building bridges, roads, sky-
.

sdrapers, and other structures is that most materials ,expand with an

increase bf temperature and contract with a decrease in temperature,, so

structures must be made expandable or flexible to keep from breaking when
.

that happens. (Many thermostats, thermometers, and other control devices

make good use, of the expansion ofpetals with heatjt For this reason,

in building highways it is necessary tc provide for expansion joints

everronce in d while or the highway will expand and buckle and break on

a. very hot'day. According to one source, here is a formula such as

engineers might use in figuring out how much expansion to allow for:

I = kt(T - t)

'V
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A

where I is the expansion (given in the same units as 1) :t temperature

.

T (degrees Fahrenheit --FO), t the temperature at Whit the highway was

built (F0), and i is the length of highway being/t4nsidered. According
//

to one source, k = .000012 is a reasonable v lue for some (2 lane) high-

ways. How much would one mile of roadwa expand at T L 100 F if t
v.

-.were 700 F?

2. Suppose a 5,000 foot long railToad rail is solidly anchored at both ends
1

4.

(with no expansion_joihts) and expands in length by'2 feet on a very hot

day, buckling up as shown:

5002

: 2501

2.....a. 2500
.:h

5000
.

.
4 °

..

.'

&.;
t, - i

.,-, ..

FirAt, guess how high the distance h in the diagramVoUla..le. Next, .

,

'confider the picture below as a rough model; use 'ther Pythagorean theorem

I to find h, and compare the result with your guess:

2501 1111

1

2500

2501
2

= h
2

+ 25002

Would' you expect this approximation for h to be more or less than the

"true" value? ("On the Teaching of t.ththematics so as to be Useful" by

MKlamkin says that this result is within 10% of tht more correct an-

swer obtained with much more complicated mathematical models such as

elliptic functions or circular arcs and
;
trigonometry. If you model this

situation as an arc of a circle, can you find a way to find h, given the

"arc length" of 5002 and "chord length" of 5000?)

3. The average population density in Black Africa is only about 25 per square

mile of total area, but 750 per square mile in cultivated areas. Much

of the agriculture in that area, takes the form of clearing a piece of

land, farming it for 1, 2, or 3 years, tlierf,abandoning it and letting it

lie fallow to build up the soil again whilAshifting to anottier piece of

A

,

ground for the next several crops. In looking into the question of how

many more people the land could support without changing the traditional

metWsaf farming, one.geographer.formulated the following model: D =
AC

:

where D is Vla.ldensity per acre; A is the proportion of cultiyatable land;



;

4

I.the,length of rotation (period of cultivation plus fallow period); C_

thenumber of inhabitants per acre gladd cleared each year.- /For exam-

pie, if A = .8 (80%), B = 8 (perhaps 2 years harvest and 6 years "rest"

for the land),, and C = 4, what is the potential density per acre? At

640 acres to the s quafe mile, what is the potential population density
-

per square mile of total area, assuming these are reasonable numbers to
0

use? ("Models of Agricultural Activity.") This author concludes that

population in some parts of Africa could increase by a factor of ten

, without dbabging traditional inethods of farming.)

1 ,

,4. T 1' one takes the populations of all. cities in a given pia and ranks them

ii decreasing order of population,size, one source says that the size of

each of the cities is related to the, largest by this "rank size" rule:

r

p

P =:1 --, where P1 is the population of the largest city in the area,

ana P
r

the. population of the r
th

ranked city. That is, the 4th ranked

1
eity has about the population of the largest city. ___s_t_hi_g--oCheciut--

with cities in your own area and see if it worksTioui: ("Models of Urban

Geography and Settlement Location," pages 326-329. Sometimes the r is,

1
given another exponent: ,P

r
= ---, with n any positive number. For

r
n

example, if r
2 were used, the 1, 2, 3 ranked cities would have popular

1 1
tions related as 1, T-, which might fit some situation b better.)

4 ,.9
5. If you have ever filled a can full of water and then punched holes up

along the side of the can, you observe that he water shootS out further

near the bottom of the can than at the top; that is, the velocity of tile

water appears to upend upon how deep the water is, as we would expect.

Here is a formula that is said to be a model for this phenomena:

v = kh

where v is the velocity of water at depth h coming through a sharp edged

frictionless hole. What are some of the things that might determine the

size of the constant k in this formula? What sort of simple experiments

might you devise to test out whether this formula really works or not?

If you have ever had the experience of either standing still while a

high-speed car comes by you blowing its horn or being' 1r another ear as

One comes towards you blowing its horn, you notice that the pitch of the

sound seems higher coming towards you than going away from you. The

phenomenon was first explained in 1842 by Chriqtian Doppler. Here is the

formula for the "Doppler Effect":

. .
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(+ V
o

and .7 V
s

if source is approaching observer; V
o

and +
s
if source

is reeding from observer.) Were f is the apparen or observed frequency

(cycles per second--cps); F the actual frequency (cps); so the velocity

of observer (ft/sec); V
s
the velocity of sound source (ft /sec) and C the

maximum velocity of waves (about 1120 ft/sec for sound waves).
a

Suppose you were in an automobile going at 30 miles per hour and a

man ins car'was coming toward you going 60 miles per hour blowing his

horn, which has a 600 cps sound. Figure it how many cps the apparent

sound will have as you approach and then what the apparent cps will be

as you are going away from each other after passing. If you know, or

can find out, anything about musical sounds, comment on what the net

effect. of'this would be as far as musical pitches of the sounds go.

The DOP"Pler Effect is thought also to account for the so -called

"red shift" observed by astronomers; except that here we are deadIng

with frequencies of various colors and with the speed of light. From

observing a shift in color from some nebulae, astronomers have speculat-

ed that some nebulae beyond our own galaxy Are moving away from us at

speeds approaching the speed 8f light. (Adapted f m Mathematics in

Everyday Things, pages 16, 17, and 110.)

7. Weather and Health tells us that a body loses heat partly by radiation

(about 42%), partly by convection (26%), partly by evaporation of-per-

spiration ;18%), and partly through breathing (about 14%). Mostopfithe

heat loss from'breathing is thr,..gh evaporation of water from our breath,

which in turn depends upon the temperature and humidity. Here is a

formula that expresses this particular type of heat loss:

Eb = 3.4 (62 - ea) where Eb is heat loss per minute by.evaporation-''

through breathing (calories) and e
a

is the prevailing "vapor

pressure" of the air (millibafs).

The same source tells us that lt a temperature of about 50c) F and relative

humidity of 50%, the vapor pressure is about 6.14 millibars. Under those

conditios, what is the heat loss in calories p.r minute by evaporation

through breathing. In that case, how many minutes breathing would amount

to a kilocalorie heat loss: (Remember that kilocalories are the "calories"

in diet books and popular literature.) How much heat loss from this

source per hour: Ter day: Considering the average calorie consumption

114
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of,an4Verage man (discussed in diet books and earlier in this.1,00klet),'

what part of our calorie intake each day is dissipated through this part.

tiCullr'saurce of heat loss?

_
. 4

-..o Figuring out how many expressways to put in a city as well as othe.

aspects of transportation policies is a very complicated business. It

v
9

costs less to drive your car a mile on an expressway than on a crowded

between expressways), which tries to take a number of factors into

account:

city street and the time saved. is Also worth something. On the other

hand, expressways are very expensive to 3uild. The Chicago Area Trans-

portation Study (volume 3, 1962 p. 42) gives the following as a illathe-- .

maticai model for expressway spacing within a city, (that is, miles

Z- 2.24
C

DKP
s

(W
a

-.we )

where Z is the best expressway spacing in miles; C is' the average

annual capital cost per mile of expressway; D is the "trip density"

of the region for which, the expressways are proposed (in vehicle

equivalent trip destinations per square mile); K is a constant: for

ccnverting travel cost differences between expressways arid arterial

streets to an annual dollar value; Ps is the proportion of all

trips in that region that would use an expressway for part of their

u journey; Wa and We are the average cost-per pile of travel on

arterial streets and expressways. (Arterial streets are the city

streets that carry the 4eaViest traffia;}

To make it easier for the readers of the report to figure out that is

going on here, the report represents-this information in a graph, with .

the assumptions that expressways cost about 48 million per mile to build;

arterial streets arcs-paced about every half mile-(as they are in Chicago);

and an average of 20,000 daily trip destinations per square mile in the

area:

115
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The curves on this grapi Model show that travel costs are relatively low

but construction costs are very high if expressways are spaced very close

together, whereas, if expressways are very far Apart, their construction

cost is small but the total travel costs for motorists are relatively '

high. The total cost curve is found by adding the two curves; for:exam-
,

ple, add construction casts for freeway spacing of 5 miles to travel

costs at that spacing to get total cost at that spacing.

a. According to the assumptions Of these planners as shown in the graph,

what is about the best expressway spacing for Chicago?

,b. What different assumptions might be made that would change the re-

sults?
1

c. Are there assumptionSthat the planners have not mach that they

perhaps should' make?

9. Clocks are sometimes governed by pendulums, and it is well known by klow
-

that the time i'pendtiUmAakes to make a full swing depends nly on the

length of the arm and riot on the weight attached to the arm. an

-.experiment to verify-this..) Here is a forniula that is the model'for

this'pheribmenon:

1
T = 2g ra-

where 1 is the length (in feet, meters, etc.); r is she accelera-

tion from gravity (32.2 ft/sec or about- 10 meters/sec.
2

on earth);

and T is the period fox one swing of the pendulum (seconds).

a. How long a pendulum should you have in order for the period to be

eactly one second?
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b. For a child's swi4 hung from a frame -or from a tree-limb about 15

"feet long, what will be the period of the Swing? I

C. Verify that the period for a given swing wi11 be the same whether

the swings go in 'short arcs or long arcs.

d. Beesuse the acceleration,of gravity is in the formula, you would

expect things to, behave differently on the moon than on the earth;

how long shouldla pendulum arm be for it to have a,period of one

second on the mbon? How would you adjust a pendulum clack to keep

"correct°'time On the moon?

16. Most cook books sad' that time for cooking a roast is propottional to the

weight of the roalt; some make corrections for Smstiler roasts. According
2

to one mathematician, the time is proportional lo
3

the -.power of the

weight; that is:

t = kw
2
'7
/3

where t is time, w is weight.

(What 'this notation means, in case you haven't studied it yet, is that

y irs square, the weight

3

e,2 nd then take the cube root of this squared

value. w to the power (w3/. ) would mean cube the number and take the .

. square root of the result.) The time can be in minutes or hours depend-

y ing on how you !fix the constantk. Also, k might be different for

different kinds of meat and fOr?meat cooked to "rare," "medium," or

"well done." t have the impression that if you want the time in hours,
.

the range of k would tre from .abou 1 4 to .7; look upeteme pcommended"

cooking times in a cookbook and ch k this out. (From "On Cooking a

RoastM

11. Formulas very often p'.ay a role in skilled trades and in manufacturing

- operations. Here are a few examples;

a. Grinding wheels, pulleys, etc. are often attached to motors, and it

important to know Yow fast theyfare traveling at their rim. This

obviousgrrdepends on how, fast the motor is turning and how big the

pulley or other disc is that is attached to the motor. The formula

is

S = nDR where S is the surface speed in feet per (that

is, thespeed of a point at the rim); D is thdiameter in feet;

and R is the revolutions per minute that the motor is turning

the disc (rpm).

A common speed for an electric motor Is 1750 rjm; what is the surface
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speed of a grinding wheel with radius 8 inches? Similarly, the speed

at which the,blade of a bandsaw moves depends on the rim speed driv-

ing,pulle suppose an 18 inch diameter pulley is being turned at

gbo rpm; ho ast is the band saw blade going?
..

.b. If one needs to find the length of the belt that goes around two

pulleys, It's not so bad if the pulleys are the same size because

the length is just the half circumference of each phlleg plus twice

the distance between them. (Draw a diagram and. verify this.) If

the pulleys are different sizes, things are a little more complicated

because the belt touches more or less than half the rim of each

ley. Here is the formula that appliesf

L = 2C + (D.+ d) h

where'L is the total.length of belt required; C is the distance

bftween the centers of the 2 pulleys; and D and'd are the di-

ameloers of the 2 pulleys. (Li. C, D,, and d must be in the same

units,)

Make up a problem and answer it using'this formula.

c. Gear arrangeme1ts are often used in machinery either to control, speed

or to control the amount of power delivered. If one gear has 0
9k

teeth and a smaller gear has 15, every turn of the larger gear will

turn the smaller one twice. More generally:

TR = tr where T and t are the number of teeth; R and r are the

number of revolutions for the larger and smaller gears respec-

tively.

Try to find some simple machines with the.gears visible and verify

this for yourself; for example, a hand operated drill, watch gear

or clock gears, lawnmower gears, etc.

d. 'Screws and bolts are obviously used in a great many things. The.

number of threads per inch (n) and the so-called pitch of the thread

(R) are related by the following formula:
,.

P =
n

Pitch is the distance between peaks on 2 threads; verify to your own

..satisfaction that this formula makei sense. There are a nuMber of

different kinds of threads, as you may have found out if you have

ever tried to put an ordinary machine threaded nut on a "Stove bolt";-

118.
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4-

w. it Bust doesn't work even if the bolt diameters are the same. ' Recent

moves have been matle to standardize the fairly confusing situation
. At"P'` ,

withr-reapect to threads of nut: and bolts. If you arq'interested,..

look up some of this information, perhaps in Applied Mathematics,

which is the source of the formIllas in this problem. (Similar form
4

.1,118.S appear in a great many tvade manuals and books on mathematics

for various vocational dourses.)

. 1
12. We have said before that things that seem very different are frequently

described mathematically by equations, formulas, or what have you that

look very much alike. The 5 frmulas that follow are examples of this,

since some very different things are described by nisamorphke expres-

sions. As usual, you are not expected to understand all of the in and

outs of every one of the formulas below, but you should try to come to

terms with as many of them as you can, verifying that they at least make

sense and substituting some values for variables and working out results.

For example, we use the first formula to find the total resistance to

electricity flowirig through a pair of resistors w,red as shown. We know

that the total resistance should be less than that of each of the relsis

tors because there are more ,paths for the electricity to take; if you

check'out some values in the formula you will find that this is indeed

the case.

a. Total resistance (ohms) in a parallel circuit:

l'_ 1 1

'Rr1 r2

r
I

r
2

b. Lens: f is the focal length of a lens; d is the distance4of object

r'from lens; t is the distance of image from lens.

1
=

1
+

1

f d t

- 1

; c. e is the radius of surface of intersection of two soap bubbles with

;

°radii A, B.

1 1 1

AB e
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,d, S = Synodic period of a planet; Let,.the.number dg days 'it t4kea.a

.planet to gain (lose) awhole.lap around the sun with respect to the

%earth, P = Sideral period of planet (days to complete a c/fbuit about 4

the sun), E ='Sideral period of'the earth.

13.. There are certain numbers that appear again and again in the inveRiga-

tiOns of science; y is one of these and the constant e is another, where
Ar

e,is-am. irrational,(endless, non-repeating) number which begins e =

.2.171828. (If you know how to deal with "factorial" notation, you

may find it interesting to know that e can be approximated to any desi d

lumber of decimal'plabes by the following expression:

11
e = 1 + 1 +

1 + 5-7 4- +. .

where 2! = 2 x 1, 3! = 3 x 2 x 1, 5! = 5 x 4 x 3 x 2 x 1, etc.).

Again, you are not expected to know enough to uAderstand'qully each of '

these formulas, but try to come to terms with as many as yob can and

'follow up in detail on a few that especially interest you. Remember

that the "k-factors" adjust the formulas for specific materials or sit-

uationi.

a. N = Noe-kt.

Radioactive decay where No is the initial number of atoms; N'is the

number of 'atoms afterA-hours. (A similar formula would apply in

radioactive carbon decay measures used to date very old archeological

/ remains.)

b. N = N
0
e
kt

Population Growth of bacteria with ample food and space; No is the

initial population; t is the time; N is the population after time t.

c. T = T + (T - T )e-kt
a. r b a

Cooling: of heated object, where Ta is the' temperature of air; Tb

is the temperature of object when,it starts to cool; T is the re-

sulting temperature in t Ainutes.

d. I,= T
0
e
-kd

Intensity I of light passing through d centimeters of liquid, where



tha:Initial,intensity of the light.

:Every aspect of vision appears to be altered under water. These

,Medifiaa!onS in the appearance of the scene have a, physical basis,

.1'01r radiant energy is profoundly changed when it travels through

water rather than air. The fundamental equation describing the

transmission of energyv
is the same for 'air and water:

ti

7 P e
-kd

0

where P is the radiat power reaching the dittance d without

loss, P
o
is the radiant powers,at the, initial point, e is the

base ,of the naturai logarittimic system, and k is the "extinc-

tion" or "attenuation" coeffitient, and d is the distance.

The numerical value of k, howeyer, is generally larger by a factor

of 1000 ormore for water than for air.'''The'relatively large size

of k ;leans a rapid diminishing of light with increasing water depth. 1

For example, if 90 percent of the initial light energy is transmittedhl

through 1 meter of water, 81 percent will be transmitted through 2

meters and only 37 percent through 10 meters: (Suggested by "Under-

water Vision.")

Mott of you will sometime in your life have tied something fairly heaVY

-to\the end of a string and swung it above your head and observed, that it

develops quite a pull on the string. If you try it now, you'll observe

that if you maintain a constant rate of turning that the pull on the -

:_stringWill increase as you let the string get longer. This is because

in order to maintain the same rate of turning the object has to travel

further in a larger circle than*V. a smaller circle,,-and hence, its

velocity, at the rim is higher. This force, called centripetal force if
4-

you are talking about the outward pull, is given by this formula:

2
mv

F =

where F is the centripetal force,, m is the m+'(not weight) of

the moving object, v is the velocity at the rim, and r is the

radius of the circle.

(Remember that if you are dealing_with an 8 ounce weight, you must first

convert that, to mass by using the relatiemship w = mg; if you are doing

the calculation on earth, g is about 32 ft /sect..) Make up some problems

and solve them using this formula. You could regard yourself as such a

weight
o
being spun in a circle as the earth rotates. What would your

I
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surface velocity be if you were at the equator? Whatwould be the cen-

, trifUgal, force acting on you at the equator? Have you ever wondered why

you don't fly off into space, as a rock wourd if you let go of the

string? The next problem deals with this.

, -
15: One of the genuine milestones in human discovery was Newton's discovery

.

that a force of gravitational attraction exists between and two objects

no matter what their size is, anywhere in our universe. This force in -

creises with increasing mass, but decreases as distance between the two

objects increases. Here is the formula that states Newton's law of

universal gravitation:

1m2

d2

where g 6.67 X 10-8 with metric units (grams, meters); F is the

gravitational attraction; mi and m2 are the masses (not weighs)`

of two objecta; d is 4he distance between their centers.
r

Since the mass of the earth is enormous,"the attraction between anything

(including ma) on earth and the earth itself is quite strong. There- l'

fore, we don't fly off into space from the centrifugal force of the spin

of the earth, nor do we fall off when the earth turns "upside down."

(Besides, our attraction to the earth defines "down.") Newton applied

this great insight to far more than just the attraction of things to the

earth; for example, he made it account for orbits about the sun of plan-
. ,

ets in our solar system (these o.3its had already been described, but'

not explained, by Kepler). This law also accounts for the moon's orbit

about the earth. Planets orbit about to sun because the sun has rass

enormously greater than any of the planets, so the planetary orbits are

determined by the centripetal force of their spinning,around the sun

balanced off against their gravitational attraction to the sun. The

earth "captures" the moon in a similar way, but the'pull is mutual, as

evidenced by the fact that tides on earth are caused in part by the pull

(g,,,f the moon on the earth. You might look up some infoimation on What

the mass of the earth is and calculate what the gravitational attraction

between you and the eartb._isl in this case the distance is effectively,

the distance between the center of the earth and you at the rim. You `,

might also imagine yourselves orbiting the earth 1000 miles out in space

and see to what extent this lessens your gravitational attraction to the

earth. ',Make up some problems such as this and work them out.
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1.6. A nueaer of models in geography that, deal with interactions between
. %

' ',',. aluman population centers l'ave the !form:
,. + \

\ k PiP2 ,

IN7
dq

____
wherePland,P2 are the size\ of tie two poPulations, / is an

index øf the interactions bet4en t em, and,d.is the distan-,
,

1.between. hem.
', I

0
(

.4
.The

_ _ ,..

exponen q is frequently taken as e, ap in the gravity model above,4 t i f tl t
,..

. t

but -1/Wfresdepending on the amount of "fri t ion" distance.puts on the

interactinia For example, for, two cities spaiated by a range ofmno)nt! -

tains, or an ocean, -the effect of distance an certain interactions is
I

different than for two cities with no geographical obstructioriiIetween=
et / \ I

them. Examples would be the number of telephone calls, banking trans -
i v

I

actions, and freight traffic between the two pl opulations. Thick of some ,

other interactip situations whefe such a model might apply. ("Models
,

of Spatial P terns of Human Geography.")
\

.

17. Suppose that 4"Absence makes the heart grow fonder." Construct a formula d

expressing this, perhaps with !absence" measured in time: perhaps in 0 ,

distance. If you don't believe this proverb, make up another sort of .L

model:that you think gives a relation etween "fondness" and "absence
,-,

"

\ .5

w , You might also want to include th.e.Antensity of the feelings of the
.;,..t

people involved. ,

. .. .:: : .. \

, %
: ."

:;

..
.,:. \ '*'''s\

\ ,

. t

- ;

S'
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Chapter V o

..
. ,

THREE -EXAMPLES OF PROBLEM.COLLECTIOH-THEMES '

...
:

1

4,5.1 Biological Consequences of Linear, Square, -Cubic Ilalatioriships

-i, Every mathematics teacher khOws that no matter Whatlhe does, some *tud-
,

a

entd-7wiilso4etimes commit-standard "freshman eirors.': they may cancel wil1p

lliiiiy,_ieVen When inappropriate (for example r12-
-+ x+ 2

= 4
'

4evn though a. simple

,

, , , =

-triaIosUbstitution would Show. this to be attuid (for example, if theAk in
...

.

'11
pis rePlaced by 10 the value is 77, and if x is replaced by 166, the.-2-'1'' im. +f =

...,_,_

*46. is Tere. Another common, "freshman error" is to treat 2x,x2:, iild.2.. ,.,
1 ,4

as if they were all,the same; or 3x3 and x as if theg'were the same. But one 4,,,i

0
2 x . '

.61115r,: has to replace x 15?- somenUMheri to see that 2xo x , and 2 are very dif-
, - ')

%

ferent things; for example, if x istreplaced by-10c,
o
2x is 20,x

2
is 100; and

.. -- . ,

e is 1024. Similarly, if'x is replaCed by 4 3x is 30,1mt x3 is 1,000. .1n
,

mathematics, functions of the form x -4-2x and,x .43x are said to be"lingar";

:Au-lotions of the form X,-ox2 are said to be "quEldratic"pfUnCtions of the-

arm x -4x3 are called "cubic"; and functioris'of the-forriix -42x (or x."-olOx
u

or x -sex- -where e = 2.718,...) are called exponential." As you may already

have seen, such fuuctlons very often serve as mathematical modelp of
. *

worl- appenings; for example,,qaadratic relationships characterize area;

cubic relationships characterize volume.

Problem Set 5.1a

1. o the following page is a partly completed tableCith headings ;orris-
6

-ponding to linear, quadratic, cubic,exponential, inverse, aridinverse

square relationships. Finish filling in the table, in this book if

Jorn it, or on another sheet of paper ruled and labelled as on the facing

page. (Some of the values of 2
x

are filled in for you; see if you can't

fill in others from the ones given.) As you fill in the table watch t

where "order of magnitude" (factor of ten) differences develop. (iie

have observed several times in this book that such tenfold differences

frequently make a fundamental difference in how we look at'things; for

example, walking speeds versus automobile speeds vs. jet airplane speeds;

or 4100 versus 410;000.) To help in this, express answers beyond 100

in "scientific notation"; for example, 210 = 1024.= 1.024 x-103.
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Growth of -iiumberi with .bitferailt r.
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2. Any functidn of the form F: x -*kx is "linear." Even if the constant

k gets relatively laege (as 100x table), the linear relationships

are eventually "swamped" by the quadratic, cubic, and exponential rela-

tionships. This'Would.be true no matter how big k is (k stays the same

throughout any discussion, of course; you don't suddenly decide to make

it bigger). For example, suppose k is 1,000,000; so F: x -31,000,000x.

Beyond what vdlue of x is the output of q: x -*x
2

greater than for F:

x 141,000/06x? Beyond what value of x is the outpkit of c: x -4x3

bigger than for F: x -31,000,000x?

3. Similarly, no matter what the value af R is in a quadratic function Q:

x -*kx
2

, the cubic relationship will eventually swamp it, as will the

exponential relaaonship. Verify this by shoWing that Q:

2' '

dc,-*100,00x there are values of x beyond which the outputs of .c:

x -*x3 are bigger, and similarly fow x 2
x

4. Notice that in a linear relationship, numbers grow at a steady rate, but

in quadratic, cubic, and exponential relationships, the rate of growth

accelerates. For which of quadratic, cubic; or exponential functions

t
does the rate of growth.accelerate the fastest? .For Which do.the order

qt,magnitude jumps become the greatest in the table you are working withf

Look'at the positive parts of thegraphs; does the increasing ac
4
tion show up on the graphs? How do the graphs reflect What you see goilg

on in the table?

o. :iotice that in the,graphs for expohential and inverse models, there are

nu zero' outputs; i.e., there is no replacement for X that dives a zero

output for these functions. Why? That is, think about this.

. Inverse,relationships are common in formulating mathematical models. For

example, if one were to make a table of time versus velocity (speed) for

travelling miles, faster speeds would mean lesstime; sloweespeeds

more time. chink of some other inverse relationships. (Note: Inverse

functions are not the only functions where "less" results in "more.")

8, in some oti'ier mathematical models that rqueal inverse relationships, one

of the variables has especially powerful effects; these often turn out

to be "inverse square" function models. For example, sound decreases as

the square-of the, distance from the source; so does gravitational attrac-

tion .see Newton'S law df universal gravitation fn.a-previous section

,,,try to find other situatiOns where something decrease e square'of

distal-ice; or as the square of soidething

4
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9. Does the table you j filled in convince-you that "inverse square!! .

M2del attenuate (d ilti sh) much faster than does the other inverse func-

tion Wu: worked with? Once again, this property can be temporariry
/
con-

.

cealed by multiplying by a'constant, (k). .Howevar, no matter how we
1

chOose the constant k (as'long as k is a positive number), -Twill even
N 7 x

tually get smaller thaw
1

as x is 'replaced by largar numbers. Verify
kx

1
this. for I: x -*I515.67 versus s: x -)..T. %

..:

Ix

A number cf biologists have written articles fqr "the intelligent layman"

pointing out, for example, that the giants of fairy tales are a biological

impossibility. The reason is that strength of legs and other bones depends

on,the cross sectional aiea of bones, while weight of the body, depends on

volume. Since Mathematical models for area are characteristically quadratic

relationships, and for volume cubic relationships, giants would soon become

so heavy that they couldn't walk without breaking their legs. That is, cubic

relationships eventually scamp quadratic ones. The problems that follow talk

about some more such biological consequences of linear growth, growth in area,

and growth in volume. They are suggested by two fine articles: "On Being the

Right Size," by J. B. S. Haldane and "On Magnitude," by D. W. Thompson. Both

these articles are in Volume II of The World of Mathematics, which is almost

certainly in your school library. You may want to read these articles either
.4

befort,or after going throughthis problem set.

In order to make sense of these problems you must somehow Convince your-

serf, if you are not already convinced, that linear changes in the length or _44
height of people, animals, etc., do take place; that whenever they do, changes..

of surface or of cross sectional area will depend on quadratic functions (may-

be with K factors-for adjustments); and that volumes will depend on Cubic func-

tions of the length. You must also believe that no matter what the particular

form of the function or what constants are involved, cubic changes swamp quad-

ratic ones and quadratic changes swamp linear ones in the long run.

Problem Set 5.2

1. Here is a quotation from Gulliver's Travels: "His Majesty's Ministers

finding that Gulliver's stature exceeded theirs 12 to-1, concluded from

the, similarity of their bodies that his must contain at least 1728 of

theirs and must needs be rationed accordingly." If Gulliver was about 6

feet tall then how tall were the Lilliputians? Since 123 is 1728 the

Lilliputians were apparently aware that volume ratios depend on the cube

of linear dimensions. Hence they pruvided Gulliver with a dquble hogs-
,
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head for his daily half pint of ale. Given that a British barrel-is 27,

gallons and a double hogshead is /4 barrels, is this about theright pro-

portion? That is, how many half pints in a double hogshead? Figure out

_ some other equivalents in Gulliver's rations; for example, how would

Lilliputian pumpkins,or cattle look to*him on his plate?

2. Hal.dane speaks of an illustrated Pilgrim's Progress hat showed the giants,

Pope, Pagan, and Despair about /0 times as high as Pilgrim. He also'says

that bones,wiLl break under about 10 times normal stress. HoW much more

volume would the giants have litp Pilgrim, according to'the relationships

we are using? If everything were strictly similar, by what factor would

the cross-sectional area of bones increase? How many times more has

volume (and hence weight) increased than has the cross-sectional bone

area? Is it likely that these giants could move around very well?

3. Thompson has this to sayi -Inderstanding the correlation between weight

and length in any particular species of, animal, in other words a delermin-

ation of K in W = KL3 enables us...to weigh the animal with sCmeasuring

rod." Considering your own weight and height figure out what this K

should be. Compare your value of K with others in the class. If you

remember or have some record of your weight and height at some other time

in your life, see if this same K gives approiimately correct results for

these other periods. If your parents kept a record of your birth weight:

4 and birth length see if the same K fits that data. If you have any pets

whose weight and length you can measure, compute the K and try to figure

out some way to verify Whether the model works well for that animal.

4. The effects of the disparity between growth in volume and growth in area

means that larger animals require larger and heavier bones out of pro-

portion to their increase in length. Thompson tells us that the bones,

of a mouse or wren are about 8 percent of their total weight; of a,goose

or a dog about 14 percent; of a man about 18 percent. On the other hand,

whales and porpoises ;which are also mammals) have about,the same propor-

tion of bone weight even though a whale is much larggr than a porpoise,

presumably because they are floati g in water and the effects of gravity

' on their bodies are irrelevant ;hence bone structure need not be different).

If Thompson's figure is correct, about how much do your bones weigh?

5. Dogs, of course, come in many different sizes; do you observe that the

bone structure apparently changes in larger breeds? Does a large dog

(say, a St. Bernard) weigh about as much as a comparably sized human?

Our theory says that for a man about three times as long as a dog the
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main structural bones should be about three times as long and have about

nine times the cross-sectional area. If possible, check this out; per-

haps.your biology teacher can help you. The upper leg bone woula be a

good one to make some comparisons on.

6. The gazelle, the hippopotamus, and,the giraffilall belong to the same

order of animals, yet are constructed very differently. Consider these

differences by linking them with what we are talking about here.

7. Just as important as the cross - section. area of bones is the surface area

ofsanimals. Surface area is likewiie a function of the square of the

length while volume remains afunction of the cube of the length. A

mouse is about 4 inches long (without the tail), while a man is about

68 inches high (a factor of 17). Therefore the man's surface area will

be bigger by about a factor'of 300 (since 172 = 289), but his volume and

\
weight by a factor of about 5000 (what is 173 ?). Since air resi'stance of

a falling body is pioportional to the surface area (this is why para-

chutes work), a mouse can safely drop much further in free-fall through

air than can a man. Now consider some. insects and their relative weight

versus their surface area; can you see why gravity has so little effect
.

on them? Haldane claims that a mouse can be dropped down a thousand

foot mine shaft and walk away; that a rat can do thesame falling about

a hundred feet or so. .Ekplain this in terms of the relative size cf mice

and rats. What is the maximum fall that a man can walk away from unhurt

and what might this depend on? Make some estimate of how far an elephant,

horse, or cat could fall safely. Justify your estimate.

8. Gravity is less of a problem for a mouse than a man and no problem at
4

all to an insect, but the effects of being wetted are something else

again. Since man is large in relation to his surface area, when he steps

out ofa shower ore bathtub only enough water clings to him to make him

1% heavier. For your own weight, what weight of water would this be and
/1

what volume? According to our calculation above, a man is about five

thousand times as heavy as a mouse, so how much does a mouse weigh? (Try

to verify that this is about right.) Haldane says a wet mouse would have

about its own weight of water clinging 'to it. Does that seem coxlrect to

you? For insects, relatively unaffected by zvity4 getting wet is a

disaster, as /au may realize if you've ever seen a fly try to get out pf

a pool of water. What are some of the adaptations in insects to get

drinks from pools of water without being caught in the water's "surface

tension "? ("Surface tension!' lets you fill a glass of water slightly
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.above the top cf the glass without spilling; the molecular attractions*

' act almost like a film on the surface.)

9. Thompson says that for animals as small as a bacillus."Brownian movement"

takes precedence over gravity, surface tension, and other factors. Try

to find Out what Brownian movement is and explain what has to do with

a bacillus. Some bacillii are as small as 1 micron in length, that is,

one millionth of a meter. Since a man is about 1.75 meters this means

that man's length is about 14 million times that of a bacillus., By what

factor, then, might man's voliame (and hence Xlis weight) exceed that of

such a bacillus?

10. Another consequence of increased surface area relative to volume is heat
'

loss at the surface. You may recall that earlier we stated that Weather

and Health tells us that about 68 percent of man's body heat is lost in

convection and radiation at the surface; with another 18% by perspiration

from the surface and 14% by breathing., Therefore, the heat that the body

disperses, and hence the food: needed as fuel, '.s proportional to the sur-

face area cf the skin. Thompson says that man consumes about one-fiftieth

(---) of his own weight in food daily, while a Mouse eats about half its
50
own weight in a day. About how much food is this for each and does it

fit with the man-mouse ratios given earlier (for length about 17, for

.area about 172, for volume about 173)?

11. Here, from.:hompson, are some other figures of weight versus calorie

consumption; try to fit this info nation into the linear, area, volume

theory that we have'bel talking about and see if you can account for

any marked departures from what you expect (e.g., whales may not fit the

model very wellwhy?). .

.Weight (Kilo) Calories per Kilo

Guinea pig 0.7 223

Rabbit 2 58

Mar. '0 33

Horse 600. 22

Elephant 4,000 13

Whale u 150,000 about 1.7

12. Thompson suggests that the furious rate at which a mouse has to gather

and consume food reflects itself in a generally faster pace of living;
,
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that is, it breeds faster and dies much sooner. Check this out against

what you know akzut the life expectancy and gestation period (time it

Makes a-from conception to birth of the young animals) of animals both

large and small. There are very few warm blooded animals smaller than a

mouse; is if possible that volume versus surface area considerations put

absolute limits on how small an animal can be? It would seem, that this
,

terrific need fOr food to overcome heat ldsses_would make it difficult

for small animals to live;in very cold climates; check this out and see

if any small warm blooded - animals live.year, igund in Arctic regions.

Are there small birds and insects living in Arctic regions during winter

seasons?

13. !Other consequences of surface area come from the fact that we absorb

oxygen directly from the air and the fact that absorption from intestine

Walls is the main way of supplying food to the body. A simple worm ab-

sorbs oxygen directly through elle skin and food, from its straight gut.

But a factor of ten increases in length of an animal means, as we have

seen, a thousand -fold increase in food and oxygen needs while absorption

.1 areas will have only increased by a factor of 100 unless there are some

special adaptations. Find out from somewhere what man's lung surface

area is and lengthof his small'intestine. From the latter make several

approximations to the surface area of the small'intestine. If biology

interests you at all, delve into a little bit of comparative anatomy of

small simple animals versu.slarger, more complicated, ones and see what

adaptations are made in Various surface areas as animals get larger and

larger.

14. According to Thompson, engineers are well aware of'the fact that having

built a bridge across a river it is not safe to use the same design in

buildin5 a geometrically similar bridge twice as long. Given the discus-:

sign above, what would be some of the reasons for this?

15. The human eye has about'500,000 rods and cones as receptors for light

and is in every way a very remarkable instrument. Each rod or cone is

about 1 micron in diameter; they can't be much smaller than this because

the range of wave lengths for visible light is from about .4 microns to

.7 microns. Hence, smaller eyes simply have fewer rods and cones and,

hence, less visual acuity 40 color perception. With that information

think about the following problems. Very small animals, such as mice,

necessarily have eyes smaller than human eyes; what does this likely

mean for the sort of vision they have? What does this mean for their
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-eye size in relationship to their total body size compared to humans?

The human eye is already pretty good; is it likely that much larger

animals would also need much larger eyes? Check this out for elephant's

eyes versus man's eyes.

0.-=.4here is not really very much aff-i-erence in how high a flea, a man, and

a.'grasahopper can jump. Why should this be?

17. Some time ago I saw an advertisement for a telephone company, supposedly

illustrating that the number of their subscribers hakdoubled in a given

time *lad. In fact, if you measure-the phones in the picture, the

large'r one is just twice as high (and twice as wide) as the smaller one;

yet the picture still gives_e very misleading i ression. Why is this?

Have you seenpicture graphs that mislead in this way? In general, what

do you, expect the area relationships to be between two objects that are

geometricall§' similar (same shape, different size)? What about volume

relationships?

18. It is not unusual to find articles that speak about the consequences of

volume versus area in biology and then by analogy argue that in some noli-

biological situations similar "scale effects' apply. For example, in

his closing, Haldane has this to say: "To the biOlogist the problem-of

socialism appears largely as a problem of size...while nationalizati9n

of certain industrieb ism an obvious possibility in the largest of, states,

I find it no easier to picture a completely socialized...United States

than an elephant turning somersaults or a hippopotamus jumping a hedge."

In a similiar vein, an article entitled "Weight-Watching' at the Univers-

ity: the Consequences of -'2rowth" outlines the "scale effects" in biology

that we have been talking about above, then goes on to argue by analogy

that universities can easlly becom.: too big. ?or such an analogy to be

plausible it should be shown that there are linear versus quadratic,

quadratic versus cubic, or linear versus cubic effects in the way some

important variables fit together. Think about Haldane's statement of

socialism, the probable content, of the article on universities, or some

other problem that you think such arguments might be applied-to, and
I.

see if you can think of relationships between things in these situations

that would be similar to; those in the biological situations.

19. Animal Facts and Fallacies tells us that an ostrich egg measuring 6 to 7

inches in length and 5 to 6 inches in diameter is equivalent in volume

to 12 to 18 hen's eggs. Find the length or the diameterfof a hen's egg

and see if this 12 to 18 is a plausible figure for the volume proportion.
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This same source says that the eggs of the extinct "elephant bird" meas-

ured 13 inches in length and 9-
1

inches in diameter. How much more than
2

an ostrich egg and how much more than a hen's egg should thiseegg hold?

(Animal Facts and Fallacies says 6 times and 150 times respectively.)

20. Weather and Health tells us that there appears to be a linear relation-
,

ship between outside temperature and calorie requirements of people.

From data gathered during World War II, it seems that every time the-out-

sIde temperature goes down onle degree Celsius (or about 2° 11, people use

30 (diet) calories (actually kilocalories) more per day. At normal tem-

peratures of about 21° C (about 68° F) a working man might use 3000'

calories. Draw a graph. using this information starting at a 21
o

C, 3000

calories point, and ektending to -20° C. (According to this source, part

fr
of the increased calorie intake goes to produce a fat layer; one centi-

meter thickness of fat is said to be about equivalent to the insulation

given by an cplinary suit.)

5.2 Gravity and Other Forces.

When children learn. that they live on a globn that rotates, they fre-

quently wonder 14h'y people don't fall off as the world turns upside down. They

don't because the huge mass of the earth acting on our mass exerts an attrac-

tion given by F = Gm
1
m
2
/d

2
, where -G = 1.068 x 10-9 in the English system and

G = 6,67 x 10
-11

in the metric system. This attraction also defines "down"

for us.
,

Having had the experience of swinging a rock on a string around their

head and having it fly away when they let'go, some children Wonder why people

don't fly off this spinning world. The centripetal force that makes the rock

fly off when released is given by F = mv
2
/r, with m the mass of the rock, r

the radius of the circle it spins in, and v the rock's velocity. But we

don't fly off and we-don't fall off, because 9f gravitational attraction to

the earth.

3
It used to be said that whatever goes up must come down, but this seems,

today to be a rather old fashioned notion. We regularly put things up (say

to the moon) which d-. e come down unless we put a lot of effort into bring-

ing
.

them down. We alsololit things in' orbit so they go neither up nor down

nor do they stay in the same place. Centripetal force certainly plays a role

here, balancing *e pull of gravity.

Even when you learn that you exert some tangible force against the earth
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r.
as you stand on it or on 6 chair when you sit, you still must observe that

the force varies under.certainoconditiona. For example, if 'you get in a fast

elevator going up you seem pressed more heavily towards the floor as it begins

and al,Ikqst rise off the floor as it stops. Similarly, in:a car or airplane as

you accelerate you are pressed back against the seat and as you decelerate you

are thrown forward from the seat, The force acting here is given by the basic

formula F = ma, where F is the force, m is the mass and,a the acceleration.

This formula simply confirms your experience that such fo ces increase both

with acceleration and with increasing mast.

It issaid to be the case that 'a man weighs less on the loon than on the

earth, and/in space on his way to the moon "weightlessness" becomes a problem.

Yet Ills actual substance has not changed. The basic unchanging measure of this

substance is mass. Weight is related to mass by taking account pf the accel-

eration gravity gives a mass (on earth, this is 32 feet per second per second.)

Weight 3s a force, and as a force F = ma applies in the form W = mg (or the

equivalent m = where W is the weight, m the mass, g the acceleration due

to gravity. The m s versus weight distinction must be reckoned with whenever

physics formulas call 4'or mass, as they uLlly do.

Two uniform fairly heavy objects dr ped 1116 the earth will fall the

same distance in a given time no matter how much they weigh; or in-other words,

no matter what their mass. tthis is said to be true of my two objects in a

vacuum and it's pretty much true of any in open air except for objects so

light that air resistance and wind 'torrents becomes a problem.) The objects

obyiously "accelerate" as they fall because at the instant they are dropped

they haile a zero mite of speed but when\they hit the ground they have acquired

some speed. Furthermore, they go Nrther during the second second than the

first second, still furthen,during the third second, ands? on. Here '4m see

in ac ionthe force of gravity and'the acceleration it gives to falli g ob-

jects. The general formula is S = aI. t2, and 01.1. earth a = g and g is about
2

32.2 feet per second per second or about 9:8 meters/sec
2

.

The above phenoma are ail related to one another and all play important

roles in our lives. They so have much to do'with why planetS, travel in the

orbits they do, why the, on has the relation it does to the earth, and the '

science and,technology that goes into space flight. The appropriate mathemat-

ical models are quite simple. In this section we will deal with some of these

models and their consequences. The basic things operating in most of these

problems are variations on the forces spoken .of above. From these basic form-

ulas, many other relationships can be derived. When some special \farant on

13)4
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oneof these_formulas is needed, or if a new formula is required, it will bp

supplied along with the problem. ',More important than formulas, however, is

your own use of common sense and intuition to get a feeling for what is going

on.

4

Problem Set 5.2

problems marked with asterisks are adapted or taken directly (by
\
permi ) from M. H. Ahrendt, The Mathematics of Space Exploration (copyright

1965 by Holt, Rinehart and Winston). This is a beautiful and highly recommend-

ed book with much iufgrmation and,many nice ptoblems, some 'of them based on

realistic NASA data. Apropriate formulas are often given in parenthesis

after a problem, but if you can work the problem without using the given for-

Mules, that is fine too,

1.* An automobile traveling 45 miles per...hour comes to a complete stop 10

seconds after the brakes are applieR Find,the average deceleration in

feet per second per second. Find the distance required for stopping.

(S =
1
--at

2
, a acceleration = change in velocity/change in time).

2

2.* A person weighing 160 pounds 'stand; on a spring scale in an elevator.

- When the elevator starts up, the scale momentarily reads 182 pounds,

and when the'elevator slows to a stop, the scale for an instant reads

130 pounds. Find the acceleration and the deceleration of the elevator,
weight w wa

(mass =
32 '

F = ma; so r = -)

3.* If the elevator above were to descend with an acceleration of 32 feet

per second per second, what would the scale read during the period of

acceleration?

4.* A Boeing' intercontinental jet airplane has a take-off weight of 295,000

pounds and fouo turbojet engines with a thrust force of 18,000 pounds

each. Neglecting friction and flight controls, what would be its max-

imum possible take-off acceleration? (How would you get a = from

f = ma = -(a)? The weight is w; the thrust force is f.)

5.* .Ranger 7, a spaceprobe to the Moon, was orbited by .NASA on July 28, 1964.

It was deaigned to crash land on the Moon and to take and transmit to

zarth pictuTes of the lanar surface during the lLst 17 minutes of its

flight. It was found after launch that it was flying a little too fast

and would pass in front. of the Moon unless slowed down. Therefore, when

Ranger was 17.,1,'44 milesFdleb. in 3ace, a course correction was applied

by radio signal to slow khe 806 pound craft through the firing of a 50

- pound thrust retrorocket. This reverse thrust slowed Ranger!.s speed by
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67 miles per hour' to 3927 miles per hour. What actual firing time in

seconds was needed to decrease the velocity 67 miles per hour? (Ranger
1 Z.

7. took 4,316 picttfres of the lunar surface, the best ones showing a

resoluti6n 2000 times as good as had been possible with Earth-based

. telescopes. Ranger hit the Uooh within 10 miles of the selected aim

'point.)

:* A string has a breaking strength of two pounds. It is attached to an

object weighing pound (4 oz.); which a boy is whirling at a constant

angular velocity of two revolutions per Second, while gradually letting.
I ,

the string out to increase the radius. ,At what radius will the string

break? (The centripetal force formula given in the introduction depends,

on the velocitisof the objeCt at the end of the string as well as its

mass--which you can get from the given weight. If the angular velocity,

or rate of turning, remains the same, the velocity will increase with

increasing radius. Part of your problem here is to figure Out what the

radius has to do with the velocity at the rim, given a constant rate of

two revolutions per second. You then need to find the radius at which.

the velocity will give a centripetal force exceeding the strength of

the string.

7.* Some automobile manufacturers rate cars in terms of the number of sec-
..:

onds required to begin at, a standing start and get the automobile to a,

speed of 60 miles per hour. If the automobile an reach 60 miles per

.
hour in 10 seconds, it experiences an average gain in velocity (an

-average acceleration) of six miles per hour during each second. Find

theogairOn velocity in feet per second per second. What fraction of a

",g14 is thiS acceleration? (As often happens in mathematics, here we

have another use of the letter "g". A "one g,force" is a force that

would produce an acceleration of about 32 feet per second per second;

that is, the same acceleration earth's gravity force produces. A pull

of one H gives the mass of a body,its normal earth weight; a two H force,

doubles that weight, and so on.)

8.* During the flight of John H. Glenn, Jr. in Friendship 7, a MerCury

spacecraft, the "g force" built up from one g at the beginning of launch

to 6.7 g's when the,booster engine in the first stage cut off at the

end. of 2 minutes 10 seconds of powered flight. If Glenn normally weighs

'160 pounds, what would his weight be at 6.7 g's? 'At what rate in feet

per second per second was the spacecraft accelerating at cut-off in

stage one? During the burning of the second stage, ksting 2 minutes
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# 52 seconds, the rg forces" went from 1.4 g's to 7.7 g's. What was the

acceleration at cut-off in stage two?

It is convenient in solving many problems to be able quickly to convert

feet per second to miles per hour., and vice versa. If you multiply n

feet per second by 3600 ,(the number of seconds in an hour), you will

obtain the number of feet per hour. If you then divide by 5280 (the

number of feet in a mile), you will obtain miles per hour. Simplify

the resulting ratio to obtain a convenient multiplier for quickly-chang- .

ing feet per second to miles per hour. What would the multiplier be for

changing miles per hour to feet per second?

10.* If the atmosphere exerts a pressure on earth (at sea level) of about

14:7 pounds per square inch, what is the air pressure (weight of the

air) in tons upon one square foot of Earth's surface at sea level?

11.* Here are rme interesting data from The Mathematics of Space Exploration.

Ask some interesting questions and answer them using this data; such

questions as these; for example: %.

a. In August 1971, Mars will be about 350,000,000 miles from the earth.

Locate the neutral gravity point between them at that distance,

ignoring the effects of other planets.

b. What percent of the total mass of our Solar System is concentrated

in the Sun?

.

c. Which planet most closely resembles Earth in diameter, mass, density,

period of revolution, surface gravity, and escape velocity?

d. planets first by distance from the Sun and next by period

Are there differences in the rankings and, if so,

can you account fdr them?
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..."'4.);' _Diameter Relative Mass* Density Period of Surface Gravity'
i.:;":: . V.t.

LI% i )ra.-1U---1-e8
(Earth = 1) (water=1) Revolution (Earth = 1)

4. ..-) --
.4tArtli 7,920 " 1 5.52 365 days 1.

/

Jupiter */ 88 ,q40 q 317 1.34 11.9 years . 2:64
..: l.....:

4,200 ! .11 3.96 1.88 years .39

...;;,gercury. 3,100 .04 3.8 88 days .26

1
Moon 1 2,160 .012 3.33 27 - days .17

.3

Neptune, 31,000 17.2 1.58 165 years 1.12

Pluto ? .8 2 248 years
.. ..

,Saturn 74,500 95 .71 29.5 years 1.07

,'Sun 864,000 330,000 1.41

Uranus 32,000

r7
1.27 84 years .91

Venus 7,700 .81 4.86 255 days .86

*The mass of the Earth, in metric units, is about 6 x 103° grams.

Average Distance SUrface Escape

from Sun Eccentricity Velocity

1.3-21Y
(millioris of miles) of Orbit (miles per second)

Earth 93 .017 6.9

Jupiter 483 .048 37

141.5Mars .093 3.2

Mercury 36 .206 2.2
t

Moon --- .054 1.5

Neptune 2,793 .009 14

Pluto 3,670 .248 2

Saturn 886 .056 22

.. .

Sun 0 -- 387

Uranus 1,782 .047 13

Venus 67 .007 6.4
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12.* If one were to take one unit of mass (for example, one slug)
..*

and use iti,./.

with Newton's law of universal gravitation, the force exerted by'earth's
,

mass, M, would be as follows: (radius of the,earth = 3960 aile0

Gx Mx 1
1 'c

3960
2

Since the mass M of the earth is considered as concentrated at itd

center, the distance between the unit mass and M is the radius of the

earth. The moon has .012 times the mass of the earth. Hence a calcu-

lation of the force of gravity on the unit mass on the moon would be:

Fm
- Ox( .012M)( 1)

10802

since the radius of the moon is 1080 miles. The ratio of the forces

would be G(°12t1) (396°2 which, if you do the calCulations,
e (1080)-

GM
1

tells you that moon's gravity pull is about 6 -ff that on earth. How

much would ou weigh on a spring scale on the moon? (If you used a

balance stale,, there would be no difrerenca--why?)

13.* By computation siMilar to that done above for the Moon, show that the

suefacc! gravity Mars is about .39 times the surface gravity on Ea'rth

and t_at the acceleratiop produced by gravity at the, surface of Mars
,

is about 12.6 feet per sec nd per second.

14.* If man carried a load weighing\100 pounds on Earth up a flight of stairs

through a vertical distance of 2.p feet, he would do 100 x 20 Or 2,000

foot-pounds of work. How much would he do in carrying the same object

up similar stairs on the Moon? On Mars? On Satuin? On Venus?

15.* On October 24, 1970, Christos Papanico ou set a world pole vault rec-

ord of 18 feet
1

inches. How high shoul \he be able to pole vault on

the Moon?, On Jupiter?, (Remember that his center of gravity is already

at about 4 feet?. so he is lifting his weight "only" about 14 feet;)

16.* The table above giyes the distance to the Sun as 93,000,000 miles, while

the mass of the Sun is abodt 330,000 times:the mass of the Earth. Use

this data to find the locati:.n of the neutral gravitational point betwe,

en the Earth and Sun; ignoring other planets.

17.* Some of the matter in distant galaxies is said to be so dense that on

Earth it would weigh 40' tons per cubic inch. Suppose that a man were

able to obtain enough of this material so that a stone for the engage-
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ment ring of his fiance could be cut from it. Let us make the setting

a cube which measures 27
1

inch on one edge. Would she be able to wear

the riling? What would the setting weigh?

18.* Weightlessness is a nuisance in space and this would be especially the

case in a space station where people were living and working. One plan

to overcome this is to make a space,station roughly in the shape of a

wheel, then by having it rotate like a wheel create a centripetal (or

centrifugal) force that would act as an artificial gravity. "Down"
,

would be toward the outer edge of the wheel. From the earlier discus--

Sion and for such centripetal parce (introductioh and problem 6, above)

try and figure out what rate Of spin would. be needed for a space stAtion,

with radius 300;feet in order to create an artificial gravity about half

that of earth's gravity. The Mathematics of Space Exploration gives a

formula for this: N = TIT ff.where N is number of revolutions per sec-1

ond, a is the desired acceleration of artificial gravity, and r iS the

distance in ,feet from the center of rotation (huts) of the station to

some pointin the station. Check your _calculation with this formula and

try to figure out ho'w it was derived from the formula for finding cen-

tri,petal force.

19.* For extended periods of space trave3, one might be limited by the amount

of .fuel that could be carried on board the space craft. Nuclear energy,

would extend the range, and other solutions have also_gtn proposed.

For example, ,The Mathematics of Space' Exploration tells us that an ex-

perimental solar engine has been described which uses mirrors to gather

heat from the Suns which is used to expand hydrogen gas. The heated gas

will emerge as a jet giving a thrust of about 2 pounds. If the solar

engine begins to work after a spacecraft weighing 40 tons has been

placed in a parabolic escape orbit beginning 506\m-r1-6(above the sur-

face cf the Earth, what is the total velocity (v)'attained and distance

covered after 80 hours? After 82 days? (Convert 40 tons to a mass,

then use f = ma and v = at,) This same source tells of a Solar sail

which produces an acceleration of 0.01g. What velocity can it,give*the

above craft in 8o hours? In 8o days? (How would a Solar sail operate?)

5.3 Mathematical Thinking in Everyday Situations

In recent years mathematics has been applied to a very wide range of

problems, often with considerable success. Once you know something about the

,mathematical models process, it is not difficult to imagine how mathematical

a.
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methods could, at least

The following exercises

. of them and then answer

in theory, be applied to various real world situat4on.

are illustrative of the possibilities. Consider eaI
\

ch

the following questions: (Problems #2, 3, 5, and 6

below are suggested in "Problems of Teaching Applications of Mathematics.")

A. What simplifying assumptions might be helpful in making the problem

manageable?

B. What data.would need,to be gathered, and how, before a beginning

could be made on the problem?

C. Suggest ways inrwhich the problem might be investigated and what

part mathematics might play in the investigation.

D. If you can, suggest an4ther problem or two in the general area refer-

red.to by the exercise, the investigation of which might also be

aided by mathemitics.

Problem Set

1. There is much concern these days about our environment. One of the

things that most clutters up our environment is the disposal of,waste

products. Take for example the food and other wastes in an average

household. One choice is to deposit the garbage in R garbage can, but

then the air is polluted by the garbage truck, ahl also by the city in-

cinerator. .Another choice is for the housewife to wash waste food into
_ -

the sewage system by way of a garbage disposal that grinds up the food,

but this uses a lot of water in washing down the ground up garbage as

well as putting an additional burden on the sewage purification facil-

ities. Assuming these are the only two choices, which should be prefer-
-

red if our criterion is least damage to the environment? What other

choices might be considered, and how evaluated? Suppose the main cri-

terion is minimtm Lzst,including both direct and indirect actual costs

of disposal. How would this change the consideration of the problem?

2. What is the largest rig/d object that you can get through a door or

around a corner: Consider first a flat object, like a piece of plywood,

then consider three dimensional objects. (According to one source, no

general solution to the corner probleM exists, but you still should be

able to attack, say, the problem :X getting a couch up to an apartment.)

3. In moving cars through A long tunnel, how fast should you have the cars
-

move? if they go very slowly it is safe to have thkm follow each other

closely, which wastes very little space, but few cars getthrough in a

11
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given me., .0n the other hand if they go very fast the spicing between
,4

must,be large for safety ao there is a lot of,waste space.

4. Lo lines to the clieck out counter of a grocery store are a nuisance
,

for ^ I 'concerned but keeping too many Clerks on duty can keep t, estore

from m^ ing a profit. If lines are consistently bto long, however, the

store is likely to lose customer and hence profits. Formulate some

problems in this al.a and suggest some ways of going about their solution.

For maximum parallel parking ,capacity, should streets be mark( with

parking spaces or left unmarkeal If they gre marked there is the pos-
.\

sibility that large spaces still too small for a car will be-left.

6. A restaurant wants to have an adequate supply of clean cloth napkins

available each day. It can send napkins to a regular laundry which does

the work cheap but takes a week to get them back. It can send the nap-

kins to an express laundry which only takes one day but charges mere. It

can just buy and discard napkins and not bother to launder them. How can

the restaurant assure itself of an adequate supply of napkins at minimum

cost?

7. What are the actual costs of owning a car? (Don't forget depreciation,

intetest cogts on borrowed money; and the fact that any money that you

have invdted in such as a car could be earning interest in a bank or as

an investment.

8. What hre the actual costs of owning a home: How do *they compare with

rental of comparable space and amenities? Caven a desire to minimine

expenses, shoulu one rent or buy a residence: What criteria,and assump-

tions might operate in making the choice?

9. Suppose the flow of people tc and from downtowm area has increased to the

point where. both highways and public transportation are Overstrained.

H.3w should tne planner decide What to do about the situation?

L.. An important national election is coming up and the television networks

want t: report results and pl:edict tne eventual outcome as quickly as

possible. ,;*;.w should they proceed?

11. Is it better for a ousiness to build its own office space or to lease

facilities.

12. suppose that in a diven t_e:r., it is claimed that the school system is

"doing a lousy j.b.- How should a palel convened to evaluate the system

go about its job; i.e., what would throw some light on the qUestion?

1h2



13. Some have complained that welfare costs, public housing, attempts to

train unskille workers, etc., are too great a drain on the taxpayer.

Others claim that the eventual actual doll'ar cost of not attending to

these matters is more in the long run, to say nothing of social ,..:osts.

What could be done to separate facts frou? fancies in this area?

14. Formulate and deal with a question similar to number thirteen above with

respect to public school expenditures.

15. Because of the peculiarities of our electoral college system, it is pos-

sible for a President of the United States to be elected with less than a

majority of the.popular vote even if there are Only two candidates. What

is the minimum percentage of the total popular vote that could elect a

President? With certain reasonable simplifying assumptions, such as only

two candidates, and information on the population and number of electors

in each state, this problem can be worked out with only arithmetic and

simple algebra. The answer is a surprisingly small percent. Would yoU

suppose that tYe minimum would be obtained by considering, the voters from

a collection of the least populous states, the most populous, or some

combination? ;See "The Minimum Fraction of the Popular Vote That Can

Elect a President of the U.S.")

16. ,How mlny elementary arithmetic operations are performed in multiplying

932 by 147 Suppose a test had ten problems, each requiring four elem-

entary cperations and suppose a student does elementary operations with

an error rate of 1:4. If each of theaten problems\counts ten points,

with no partial credit, what is the range of possible scores for this

student on this test? (Suggestions for further problems: a) Do g

similAr analysis :1 expected scores liven the number of single operations,

and error rates- in algebraic manipulations of various sorts. b) Is the

increase in number of single operations in a given calculation a linear

function of the number of digits in the numbers, or does it escalate

faster than the size of numbers involved? 'c) A question similar to b)

fcr algebraic manipulatios.) ;Read: ."The Importance of Elementary

Operations.")

17. Some years ago a rash of articles appeared with titles similar to "One

Hundred Eminent Mathematicians." How would one go about ranking the

eminence, importance, or influence of people in a given field over a

given time span':

18. The number n, being irrational, is.an infinite non-repeating decimal.



-

Years-ego, someone spent a lifetime computing it to about 700 decimal.

places, but made an error. Recently this feat was duplicated in a mat-

ter of minutes, with no errors, using a computer. Why should anyone

want n computed to so many decimal places?

19. The history of science is in part a history of improved instruments,

especially as regards measuring and observation devices. Are there-any

limits other than technological ones on accuracy of measure or how *11
a thing can be observed?

4

20. Our society is a pretty complicated one. How does one get accurate

indices of:

a. The cost of living

b. Inflation

c. Recessions

d. Unemployment

e. Population growth rate

1. Shifts in populatiOn

g. Distribution of incomes

h. Availability of services (medical, legal,'etc.)

i. Crime rates

21. What are the relationships between "inflation" and "the cost of living?"

Are they just two names for the relative purchasing power of the dollar?'

22.. The 1902 Sears-Roebuck catalog has recently been reprinted (New York,

Crown Publishers, Inc., 1969). Perhaps your library has it. Devise a

scheme, and carry it out, if possible, for using just the data from this

catalog and a current catalog to assess changes in, for example, so*

aspect of the "cost of living" since the beginning of the century, then

check your conclusions with some standard index of cost of living.
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